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QUASI-PARTICLE BASES OF PRINCIPAL SUBSPACES FOR THE 
AFFINE LIE ALGEBRAS OF TYPES b{ 1] AND C) (1) 

MARIJANA BUTORAC 


Abstract. Generalizing our earlier work, we construct quasi-particle bases of principal 
subspaces of standard module L a) (fcAo) and generalized Verma module N „(i) (fcAo) at 

level k > 1 in the case of affine Lie algebras of types and C^. As a consequence, 
from quasi-particle bases, we obtain the graded dimensions of these subspaces. 


Intorduction 

Let g be a simple complex Lie algebra of type Xi, with a Cartan subalgebra 1), the 
set of simple roots II = {aq,..., cq} and the triangular decomposition g = n_ © fi © n+, 
where n + is a direct sum of its one dimensional subalgebras corresponding to the positive 
roots. Denote by £(n+) a subalgebra of untwisted affine Lie algebra g of type xj'' 1 

£(n+) = n + ® C[t, U 1 ]. 

Let V be a highest g-module with highest weight A and highest weight vector v A . We 
define the principal subspace Wy of V as 

W v = U(C(n + ))v A . 

In this paper we study principal subspaces of the generalized Verma module N p) (kA 0 ) 
and its irreducible quotient L y)(kA 0 ) at level k > 1, defined over the affine Lie algebras 

x i 

of type b[ 1J and C[ 11 . 

The study of principal subspaces of standard (i.e., integrable highest weight) modules 
of the simply laced affine Lie algebras and its connection to Rogers-Ramanujan identities 
was initiated in the work of B. L. Feigin and A. V. Stoyanovsky ESI and has been further 
developed in [5KS] . [UffiI] - [Cffi2] . [CalLMl] - jUffiLM4] . |CLMl] - [nLM2] . [G]. [Kb]. p<P]. 

[ up ], mm- 

Quasi-particle descriptions of principal subspaces of standard modules for untwisted 
affine Kac-Moody algebras originate from the work of Feigin and Stoyanovsky ESI and 
G. Georgiev 0. In order to compute the character formulas of standard A^-modules, 
Feigin and Stoyanovsky have constructed monomial bases of principal subspaces of the 
standard modules in terms of the expansion coefficients of a certain vertex operators 
(cf. [nr], mi). These monomial bases have an interesting physical interpretation, 
as quasi-particles, whose energies comply the difference-two condition (see in particular 

[DKKMMj . |F5| . [G]). 

Later on, Georgiev in generalized the construction of quasi-particle bases to prin¬ 
cipal subspaces of certain standard modules in the ADE type. His bases were built of 
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quasi-particles x roii (m ) of color i (1 < i < /), charge r > 1 and energy — m 

Xrai(m) = Res z < z mJrr ~ x x ai (z) ■■ ■x ai (z\ > , 

V r factors / 

where x ai (z ) = are vertex operators associated to elements x ai G 

iV ,(i) (fcA 0 ). From this bases Georgiev obtained character formulas, which are in the 

case of A| character formulas first obtained by J. Lepowsky and M. Prime in [LPj . 

In our previous paper [Bu ] we have used ideas of Georgiev to construct quasi-particle 

bases of principal subspaces of level k > 1 standard module L (i)(/oA 0 ) and generalized 

^2 

Verrna module N (i)(kA 0 ) of an affine Lie algebra of type bR From the graded dimen- 

sions (characters) of principal subspaces of generalized Verma module we obtained a new 
identity of Rogers-Ramanujan’s type. 

Our present work is a generalization of [Bu] to the case of b[ 1 \ l > 3, and to the case 
of Cj ] \ l > 3. Our methods for these cases are the same as the methods that we used 
in |Buj . First, using relations among vertex operators associated with the simple roots 
a* G II, we fold spanning sets of principal subspaces, which are built of quasi-particles of 
colors i, 1 < i < Z, and charges r > 1 acting on the highest weight vectors. 

In the case of affine Lie algebra of type B[ 1 ' these quasi-particle monomials are of form 

b(ai)b(ai- 1) • • -6(ai), 

where &(«*) is a product of quasi-particles corresponding to simple root a* G II. From 
combinatorial point of view, difference conditions for energies of quasi-particles of colors 
i, 1 < i < l — 2, are identical with the difference conditions for energies of Georgiev’s 
quasi-particles in the case of standard -modules of level k and difference conditions 
for energies of quasi-particles of colors l — 1 and l are the same as difference conditions 
for energies for level k given in [Bu] . 

In the case of C) , quasi-particle monomials in the spanning sets are of form 

b(oti) ■ ■ ■ b(a i _ 1 )b(ai), 

where difference conditions for energies of quasi-particles colored with colors l and l — l are 
identical as difference conditions for energies of quasi-particles for level k B^ -modules, 
and difference conditions for energies of quasi-particles of colors i, 1 < i < l — 2, are 
identical with difference conditions for energies of quasi-particles in the case of standard 

Aij 1 ,-modules G f level 2k. 

For the purpose of proving the linear independence of spanning sets, we use a projection 
of principal subspaces on the tensor product of ((-weight subspaces of standard modules 
defined in The projection enables the usage of certain coefficients of intertwining 

operators, simple current operators and “Weyl group translation” operator defined on 
the level one standard modules. We prove linear independence by induction on the 
order on quasi-particle monomials. Important argument in the proof will be the linear 
independence of quasi-particle vectors from |Bu] for the B^ case and linear independence 
of A^^ monomial vectors obtained in 0. 

The main results of this paper are character formulas for principal subspaces of standard 
modules L (i)(kA 0 ) (Theorem [4] and Theorem [9l) and principal subspaces of generalized 

A i _ 

Verma modules N (i)(&A 0 ) (Theorem GH and Theorem ITTT) . As a consequence, we also 
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obtained two new identities, which are generalization of identity from [Buj. The first one 
was obtained from character formulas of principal subspace of N B (i)(kA 0 ) in the B f 1 case 
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In the case we get the following identity 

Theorem 2. 
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The plan of the paper is as follows. In Section [T] we recall some fundamental results 
concerning affine Lie algebras and their modules. Next, we introduce a notion of a quasi¬ 
particle and relations among quasi-particles of the same color. In Section [2j we recall 
the definition of the principal subspace. In Section [3] we construct quasi-particle bases 
of principal subspaces of standard module L (i)(/cA 0 ) and genrealized Verma module 

( kA 0 ) of B^. We will start with finding relations among quasi-particles of different 
colors. Using these relations along with relations among quasi-particles of the same 
color we will construct the spanning sets of principal subspaces. Then we will introduce 
operators which we use in the proof of linear independance. At the end of this section we 
will fold character formulas. Section [4] is devoted to the construction of bases of principal 
subspaces in the case of c [ 1 ^. 


1. Preliminaries 

In this paper we are interested in principal subspaces of two different types of affine Lie 
algebras, so it will be convenient to introduce principal subspace (and latter quasi-particle 
monomials) for modules of a general untwisted affine Lie algebra. 

1.1. Modules of affine Lie algebra. Let g be a complex simple Lie algebra of type A), 
f) a Cartan subalgebra of g and R the corresponding root system. Let II = {oq,..., cq} be 
a set of simple roots and let 6 denote the maximal root. Denote with R + (/?,_) the set of 
positive (negative) roots. Then we have the triangular decomposition g = n_ © 1) © n + . 
We use (-, •) to denote the standard symmetric invariant nondegenerate bilinear form 
on g which enables us to identify f) with its dual ()*. We normalize this form so that 
(a, a) = 2 for every long root a G R. For a G R let ct v = denote the corresponding 

coroot. Denote by Q — Yli=\ ^ a i an d P = Yl\=i ^ u i ^ ie ro °t and weight lattices, where 
o;i,. are the fundamental weights of g, that is = Aj, i, j = 1For 

later use, we set ujq = 0. 

The associated affine Lie algebra of type is the Lie algebra 

g = g <8> C[t, f -1 ] ® Cc, 

where c is a non-zero central element (cf. [K]). For every x G g and j G Z, we write x(j ) 
for elements x®B. Commutation relations are then given by 

[c, x(J)\ = 0, 

[x(ji),y(h)\ = [x,y] (ji + j 2 ) + (x,y) ji5 jl+j2fi c, 
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for any x,y G g, j, j\,j -2 € Z. We introduce the following subalgebras of g 

g>o = g <E> t n © Cc, g<o = g <S> t n , 

n> 0 77.<0 


£(n+) = n + ® C[t,t *], 

£(n + )> 0 = £(n+) ® C [t] and £(n + ) <0 = £(n+) ® f _1 C[t]. 

By adjoining the degree operator d to the Lie algebra g, such that 
(1.1) [d,x(j)] = jx(j), [d, c] — 0, 

one obtains the affine Kac-Moody algebra 

g = g © C d, 

(c f . K). 

Set f) = f) © (Cc© C d. The form (•, •) on fi extends naturally to 1). We shall identify fi 
with its dual space f)* via this form. We define 5 G f)* by 5(d) = 1, 5(c) = 0 and 5(h) = 0, 
for every h G f). Set ao = 5 — 9 and a q = c — Q v . Then {«q , a(, ■ ■ ., a'/} is a set of simple 
coroots of g. 

Define fundamental weights of g by (Aj, q:J) = 5 hJ for i, j = 0,1,... ,1 and A, : (d) = 
0. Denote by L(A 0 ), L(Ai ),..., L(Ai) standard g-modules, that is integrable highest 
weight g-modules with highest weights A 0 , A 1; ..., A; and with highest weight vectors 

^Ao j ^Ai •> • • • 3 ^A i • 

The object of our study is g-module N Y (i)(kA 0 ) and its irreducible quotient L (i)(fcA 0 ), 

A Z A Z 

where level k is a positive integer. The generalized Verma module N (i)(kA 0 ) is defined 
as the induced g-module 

N xW (kA 0 ) = f/(g) ®[/( 5 > 0 ) CufcAo; 

where Cvk\ 0 is 1-dimensional g>o-module, such that 

CUfcA o kvk/± q 

and 

(g © t 3 )v k \ 0 = 0, 

for every j > 0. From the Poincare-Birkhoff-Witt theorem, we have 

Af x (i) (AA. 0 ) = U (g< 0 ) <S>c Cn^Ao 

as vector spaces. Set 

Vn (1) (feAo) = 1 © DcA 0 - 

x i 

We view g-modules N (i)(kA 0 ) and L„(i)(fcA 0 ) as g-modules, where d acts as 
(1-2) dv N (1) (fc Ao ) = 0 

x i 

(see jLLj ). 

Throughout this paper, we will write x(m) for the action of x <S> t m on any g-module, 
where iGg and j G Z. 
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1.2. Definition of quasi-particles. For every positive integer k , the generalized Verma 
module IV ( i) (A’A 0 ) has a structure of vertex operator algebra (see |LL| . [Lilj . [ MP] ). where 
v n (i) (JfcAo) is fl ie vacuum vector. For 165 

x i 

Y(x(-l)v N w (kA 0 ),z) = x(z) = 

x ‘ mez 

is vertex operator associated with the vector x(—1 )vn (1) (fcA 0 ) £ AT^p (^A°). In addition, 
^ A 

on the irreducible g module L (i)(kA 0 ) we have the structure of a simple vertex operator 
algebra and all the level k standard modules are modules for this vertex operator algebra 

(cf. [EL], [HE]). 

Remark 1.2.1. Later, we will realize standard modules of level k > 1 as submodules of 
tensor products of standard modules of level 1. Vertex operators x(z), where 165 , act 
on the tensor product of standard modules of level 1 as Lie algebra elements (cf. |LL ] ). 

For a, G 11 and r > 0, we have 

x rai {z) := x ai (z) r = Y ( (x ai ( 1)) r v N (1) (fcA 0 ) ) ")• 

x i 

For given i £ {1,...,/}, r £ N and m £ Z define a quasi-particle of color i, charge r 
and energy — m by 


(1.3) x rai (m) = Res z < z m+r 1 x ai (z) • • • x ai 

V r factors 

We shall say that vertex operator x roii (z ) represents the generating function for quasi¬ 
particles of color i and charge r. 

From (11.3j) it follows 

x rai {m) = ^2 x ai (m r ) ■ ■-x ai (mi), 

miH- \-m r =m 

where the family of operators 



(x ai (m r ) ■ •• 4 .N) 

miH- \-m r =m 

on the highest weight module is a summable family (cf. |LLj). 

We shall usually denote a product of quasi-particles of color i by 6 (cq). We say that 
monomial 6 (cq) is a monochromatic monomial colored with color-type if the sum of 
all quasi-particle charges in monomial &(cq) is Ty. We say that a monochromatic quasi¬ 
particle monomial 

K a i) = x n nj aii m (1) .) • •' x ni i0li {mi^i), 

v.'.i 1 i 56 

z 

is of color-type ry, charge-type 


(1.4) 

where 


and dual-charge-type 
(1.5) 


n r m • • • ,ni. 


0 < n (i) ,<•••< n hi , 


r (!) „( 2 ) 

7 i "> ' i t 















where 


r\ 1J > r- 2 ' ) > • • • > r Y > 0 and s > 1, 

if (11.4ft and (ll.5p are conjugate partitions of r* (cf. [Bu], [Gj). 

Since quasi-particles of the same color commute, we arrange quasi-particles of the same 
color and the same charge so that the values rn vp . for 1 < p < r^ \ form a decreasing 
sequence of integers from right to left. 

1.2.1. Relations among quasi-particles of the same color. Relations among par¬ 
ticles of the same color, that is, expressions for the products of the form x na (m)x n i a {m '), 
where a = cq, n, n' G N and m,m' G Z, can be divided into two sets. The first set of 
relations is described by the following proposition. 

Proposition 1.2.1 (cf. |LLj . (Lilj . [MP] ) . Let k G N. Then we have the following 
relations on the standard module L v m(kA 0 ): 

x i 

(1.6) x a (z) k+l = 0, 

(1.7) x p {z) 2k+l = 0, 

where a G R is a long root and (3 G R is a short root. 

The second set of relations was proved in 0. [ESI. 0 and HE]: 

Lemma 1.2.1. For fixed M,j G Z and 1 < n < n' any of ‘In monomials from the set 

A {x na iyj^x n i a (A/ j), x na iyj T 1 )x n ' a (]VI j 1),..., 

■ ■ ■, X na (j + 2 n- 1 )x n > a {M -j-2n+l)} 

can be expressed as a linear combination of monomials from the set 

{x noi fm)x n ' a fm') : m + m! = M} \ A 

and monomials which have as a factor quasi-particle X( n / +i ) a {f), j' G Z. 

Corollary 1.2.1. Fix n G N and j G Z. The elements from the set 

A\ = {x na (m)x na (m') : m! — 2 n < m < m'} 

can be expressed as linear combinations of monomials x na (m)x na (m'), such that 

m<m — 2 n 

and monomials with quasi-particle X( n+ i) Qj (ff), j' G Z. 

In order to hnd relations among quasi-particles, which are differently colored, we will 
use the commutator formula among vertex operators: 

(1-8) [y(x a (-l)ujv(fcAo), 2i), Y{xp(-l) r v N ( kKo) ,z 2 )} 

= ~r~ {jf) Z i l6 (^) Y Md) X d(- 1 ) rV N(kA 0 ), zf), 


where a,/3 G R, (cf. [FHL]). 
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2. Principal subspaces and Quasi-particle monomials 

2.1. Principal subspace. Let fcgN and let A = kA 0 . Set vl (1) (feA 0 ) to be the highest 

A 

weight vector of the standard module L <i) (fcA 0 ). As in |FSj and [Gj, we dehne the 
principal subspace Wj j { 1 ) (kA 0 ) of the standard module L x m(kA 0 ) as 

x i 1 

tbh (i)(fcAo) -))pl (i)(fcAo)> 

x i x i 

and the principal subspace Wjv (1) (fcA 0 ) of the generalized Verma module N x m(kA 0 ) as 

x i ; l 

W N w (kA 0 ) = U(C(n + ))v N (1) (fcA 0 )j 

x i x i 

where U(C( n+)) is the universal enveloping algebra of Lie algebra £(n+). 


2.2. Quasi-particle monomials. In Subsections 13.21 and 14.21 we construct bases of 
W L (1) (fcA 0 ) and W N (1) ( fc A 0 ) consisting of vectors of the form bv L ( ( fcAo ) and bv N w (kA 0 ), 

x i x i x i x i 

where monomials b are composed of monochromatic monomials 6(cu), where i — 1,..., l. 
Here we extend definitions of monochromatic monomials to polychromatic monomials. 
We use the same terminology for the products of generating functions. 

For (polychromatic) monomial 

b = b(a t ) ■ ■ -b(ai), 


%n ai (niy W j) ' ' ' ^n\iai (m-1,/) ' ' ' T n ^ (TTl r (i) -^) {jTl pi) , 

we will say it is of charge-type 

or = (n 


r^\v ' ‘ ‘ i ^1 ,h ■ ■ • i • i ^ 1,1 j ) 


where 

0 < n (i) .<...< n lfi , 

dual-charge-type 

f r (V r ( s i). .A 1 ) r ( s i)\ 

— y i >•••)'l )•••>'l I 

where 

U) > P) > > r ( s d > o 

l — l — — % — 

and color-type 

(n, • • • ,n), 

where 

AA si 


Ti = ^ n Pii = ^2 ry and s» G N, 


p— 1 t —1 

if for every color i, 1 < 

i < l, 



and 

MV! 2) ,.w! s) ) 

are mutually conjugate partitions of r,; (cf. [Buj, [G]). 





Remark 2.2.1. In the case of affine Lie algebra of type C t the bases ofWL {1) (kA 0 ) an d 

c i 

Wn (1) (kA 0 ) will generate polychromatic monomials 

c i ; 

b(ai) ■ ■ ■ b(a t ) 

whose charge-types, dual-charge types and color-types are defined similarly. 

We compare the (polychromatic) monomials as in [ Bn] and [G]. We state 

(2.1) b<b 
if one of the following conditions holds: 

(1) ( n r, (1 ),J’"-’ ni .i) < 

i.e., if there is u G N, such that n\ : i = n\^,n 2i i = n 2 ,i, ■ ■ ■ ,n u -and 
u = r^ + 1 or n Uji < n u ^ 

(2) { n rf\v ■ ■ ■ > n l,l) = ■ ■ ■ > ”l,l) > 

(m r w v ... ,m M j < (rn T w v ■ ■ ■ 

i.e. if there is u G N, 1 < u < such that m 2 j = m 2j -,... rn u _ ] { = 

m u -i,i and m U)i < m U)i . 

Remark 2.2.2. Similarly definition is for the C\ 1 ^ case. Tzrst we compare the charge- 
types and if the charge-types are the same, we compare the sequences of energies, starting 
from color i — l. 

2.3. Characters of principal subspaces. We extend the definition of character of the 
principal subspaces Wl w (kA 0 ) and Wn m (kA 0 ) from [iBu J. 

x i x i 

Denote by ch W L (1)(feAo ) the characters of W L (1)(fcAo) : 

x i x l 

(2.2 ) ^ Wl {1 )(fcA o) = dim W L ^ {1) (feAo) q m y? ■ ■ ■ V?, 

where q, yi,.. .yi are formal variables and 

WL x(1) (fc A 0 ) =W Lx(1){kAo) 

t t —m<5+riai+...+r2a!/ 

is the ((-weight subspace of weight —+ ri«i + ... + r^ct:;. 

In the same way we define the character of the principal subspace Wn m (fcA n )- 

x r 

3. The case b{ 1) 

3.1. Principal subspaces for affine Lie algebra of type b[ 1 \ Let g be of the type 
Bi, l > 2. The root system R of g will be identified as a subset M 1 , where {ei,... ,ei} 
denotes the usual orthonormal basis of the M 1 . We have the base of R: 

II = {a\ — e± — e 2 ,, an -1 = e/_i — c, on = 6/} , 

the set of positive roots: 

R+ = {e* - €j : i < j} U {ei + ej : i ^ j} U {e* : 1 < i < 1} 

and the highest root 

0 = €i + e 2 = ol\ + 2 ol 2 + • • • + 2cp. 
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For each root a G R + we have a root vector x a G g. We define a one-dimensional 
subalgebras of 0 

n Q = Cx a , a G R + , 
with the corresponding subalgebras of 0 

£(n a ) = n a <g) C[t,t -1 ]. 

We denote with U B m the vector space 

r/ B rn = U(£ M) ■■■[/(■CM). 

Using the same argument as Georgiev in 0 we can prove 
Lemma 3.1.1. Let k > 1. We have 

W L ( 1 ) (feA 0 ) = U B (i)V L m (kA 0 ), 

B i 1 B i 

W N (i) (feA 0 ) = U b (D v N m(fcAo)- 

□ 


By extending the construction of bases of principal subspaces in the case of affine 
Lie algebra of type B^\ we shall construct bases for the principal subspaces Wl (1) (fcA 0 ) 

B i 

and Wn (1) (fcA 0 ), which will be generated by quasi-particles acting on the highest weight 

B i 

vectors. We start with the principal subspaces Wl (1) (fcA 0 )- 

B i 

3.2. The spanning set of Wl (1) (fcA 0 )- I 11 order to find a set of quasi-particle monomials 

B i 

which generate a basis of Wl m (kA 0 ), first we complete the list of relations among quasi- 

B i 

particles. Here we find the expressions for the products of the form x ni0li (mi)x n ' jaj (m'j), 
where i — 1,..., l — 1, j — i + 1 n' G N and m'- G 7L. 

First, notice that as in the case of B^\ we have: 

Lemma 3.2.1. Let rq_i,?r; G N be fixed. One has 


(3.1) 


1 - 


Zl-l 

Zl 


minjjiigni.i} 


x n t ai ( Zl)x rLl _ l0l i_ 1 ( Zl—i )Vn (1) (fcA 0 ) 


e Z; 


-min {ni^ni-x} 
l 


W N (1) (fcA 0 ) [[Zl, Zl- 1]] . 


□ 


Now, fix color i, 1 < i < l — 2. 

Lemma 3.2.2. Let n i+ i,ni G N be fixed. One has 

a) (z! - z 2 ) ni x niai (z 1 )x ni+iai+1 (z 2 ) = (zi - ^ 2 ) ni x ni+lQi+1 (z 2 )a:n iQi (^i); 

b) (Z! - z 2 ) ni+1 x niai (zi)x ni+1 a i+1 (z 2 ) = {z t - Z 2 ) ni+1 X ni+lQli+1 (z 2 )x niai (^i) . 

Proof. Follows by direct computation employing the commutator formula 11.81 for vertex 
operators. □ 


From Lemma 13.2.21 follows: 

Lemma 3.2.3. Let ni + i,Ui G N be fixed. One has 

min{n i+ i,ni} 


(3.2) 


1 - 


z i+ i 


x n i+ iOi + i \Zi+l) x mcti\Zi)V]y (1 . (fcA 0 ) 


G 2. 


—min{rt; + i,n;} 
»+1 


W'n (jn (feAo) [[^i+l> ~i]] • 
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Proof. (13. 2 p is immediate from creation property of vertex operators (cf. [LL] ) and Lemma 
KT2\ i.e. 


( z *+1 


\min{n i+1 ,ni} 


X. 


TH+l&i+l 


{ z i +1 z i) ^ + ^ x n i ai( z i) x n i+ iai + i{ A 'i+l) ■ 


□ 


Remark 3.2.1. The obtained relation in Lemma [3.2.31 is generalization of relations ob¬ 
tained in 0 for the case of A^\. Later, we will show similar relation for quasi-particles 
corresponding to the long roots in the C\ 1} case (see Lemma [4T2T3p. 

Using the above considerations and relations among quasi-particles of the same color, 
induction on charge-type and total energie of quasi-particle monomials OEni.isi), follows 
the proof of the following proposition: 


Proposition 3.2.1. The set *B Wl _ fkA ^ = <J bv L ^ 1){kAo) : b e B Wl }>, where 


(3.3) 


V L (1) (fcA 0 ) 
B l 


( 


Bw , 


L (l)( fcA o) 

B l 


U 

(l) <.-<ni,i<fc 

,1 


(i) 

r i- 1 1 

n ( 1 ) ,;<2fc 


<k 


or, equivalently. 


V 


Vl (1) (kA 0 ) 
B l 


u 


,(1) 


(fc)- 


rj' ’>->r \'>0 
q ( 1 ) >->q ( 2 fc) >o/ 


{b b(ai) • • • b((%l) X n (m r (i) () ^nxiai {m^l ) X n ^ ^ ai (m r (i) ^ (^1,1) 


ri ',1 


m , 


r (1) 

"i—l 


,i < - n p ,i + Y,q=t min{n qti _i, n Pti } - E P>P ' >0 2 rnin{n Pti , 7y,*}> 


1 < p < 1 < i < l - 1; 

' m P +i < m P ,i - 2n Pii ifn p+lti = n Pji , l<p< rf } - 1, 1 < i < l - 1; 

r w (1) 

m P ,i < ~n P ,i + Y, q l =l min{2n q j_i, n p j} - V > ,> 0 2 min{n ph n p7 }, 1 < p < r\ ; ; 


, 


(i) 


m P +M < m P: i - 2 n p j ifn p j = n p+M , 1 < p < r\ 
and where Tq = 0, spans the principal subspace Wl (1) (feA 0 )- 


□ 


3.3. Proof of linear independence. Here we introduce operators which we use in our 
proof of linear independence of the set 23 w L (fcA 

3.3.1. Projection We start with a projection TTgi, which is a generalisation of pro¬ 
jection introduced in [Bu]. If we restrict the action of the Cartan subalgebra f) = f) <g) 1 to 
the principal subspace Wl (1) (a 0 ) of l eve l 1 standard modules L s (i) (A 0 ), we get the direct 

sum of vector spaces: 

W L W (Ao) = © W L { i)(A 0 ) 

1 «j,...,ai>0 1 (ui,...,u i) 

where 

Wl b (. 1)( A °) = lV L(Ao) Uiai+ ... +Uiai 

l {ui,...,u l) 
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is the weight subspace of weight 


UlOli + • • • + U\Qti G Q. 

Fix a level k > 1. The principal subspace Wl m (k\o) has a realization as a subspace 

B i 

of the tensor product of k principal subspaces Wl (1) (a 0 ) of level 1 

B i ' 

W L m(fcAo) c W L (A 0 ) ® ■■ - ®W L (A 0 ) C L (i)(A o ) 0fc , 


where 


Vl m (kAo) - V L , 1)(A 0 ) 


( 1 ) (Ao) 

B l 


k factors 


is the highest weight vector of weight kA q. 

For a chosen dual-charge-type 

m-(J b „(2fc). (l) (fc). (i) (*A 

-^—1'/ )■••)'/ > W-l) • • • ) ' l-li ■ ■ ■ ) 'l 1 J 

and the corresponding charge-type 94' 

94' = (n 


ft 1 ) ^? • • • > n h i, • • ■ i ^ r w ii • • • i ^1,1 J i 
denote with 7 t<k the projection of principal subspace Wl (i) (fcA 0 ) f° the subspace 


W) 


L r (1)( A o) 


/ (fc) (fc) (fc)\ 


" ’ ® hFi (i)(A 0 ) 




where 


_ (2t) (2t-l) 

ri ~ 1 1 i 1 1 i 


for every 1 < t < k (cf. Figure |T] and [2]). The projection can be in an obvious way 
generalized to the space of formal Laurent series with coefficients in Wl {1) (a 0 ) <8> • • ■ <8> 

W l< u(Ao)- Let 

B i 

(3.4) X n (1) a t (z^l) ; ) • • • X ni lQll (zij)x n (1) a i _ 1 (^ T .( 1) ;_ 1 ) ‘ ‘ ‘ 

r t ,l l ’ r l—v l 1 I-1 ’ 

2-n (1 -) {z (!) i ) X ni icj (^l,l) 

1 ,1 '1 ’ i 

be a generating function of the chosen dual-charge-type 94 and the corresponding charge- 
type 94'. 

From the relation X 2 ai (z ) = 0, 1 < i < l — 1, on the principal subspace Wl (1) (a 0 ) and 

B i 

the definition of the action of Lie algebra on the modules, follows that n Pt i generating 
functions x ai (z P)i ) (1 < p < r^), whose product generates a quasi-particle of charge n Pi i, 
“are placed at” the first (from right to left) n Py i tensor factors: 


x (K)Az p , i )®X< k -x ) (z p , i ) 


xm iz^i) ®x m (z Pji ), 


where 


0 < < 1,1 < t < k, n { p } > n { p J > ... > l) > n ( p k J, n Pyi = n% 


,(!) ^ „(2) 


(fc-1) 


dfc) 


M 


t =i 


for every every p, 1 < p < so that, in the f-tensor factor from the right (1 < t < fc), 
we have: 

• • • X nW a ., i) • • • X n?W M ‘ ‘ ’ V L m (Ao) ® , 


n (t) r i y n l,i a i 

r. ' 
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as in the in the example in Figure [Q where each box represents n 


C t) 

p,i * 


-(*) 

i 





Z,i B (l)( A o) 
Vl b (.i)( a o) 
l ’ L b (1)( A °) 

jfc-2) 

i 











; 


. 


i 

„(2) 

i 









Vl b (i)( a o) 

1 ’ L b (1)( A o) 

Vl b (.i)( a o) 

l 









kb 

i 










n r^\i U r[ k \i n M 


Figure 1. Sketch of projection 7 t<h for color i, 1 < i < l — 1 


From the relation x 3ctl (z ) = 0 on the principal subspace Wl (1) (a 0 ), follows that at 

B i 

most, two generating functions of color i = l “can be placed at” every tensor factor. If 
n p,i (1 < p < ris an even number, then two generating functions x ai (z p j) “are placed 
at” the first tensor factors (from right to left) and if n. p j is an odd number, then two 

generating functions x ai (z Pi i) “are placed at” the first " pJ 1 1 tensor factors (from right to 
left), and the last generating function x ai (z Pi i) “is placed at” np,l 2 1 + 1 tensor factor: 



where 


o < < 2, 


> „( 2 ) > > n ( fc b > n ( fc ) 

n p,i — u P ,i — • • • — u P ,i — rL p,i > 




E 

t =i 


n. 


( t ) 
'p,i > 


for every every p, 1 < p < r^, so that at most one n^] (1 < t < k) can be 1 and so that, 
in every f-tensor factor from the right (1 < t < k), we have: 


This situation is shown in the example in Figure[21 


J2fc) 

1 1 



o o 

< < 

V '"of 

(2k —1) 

1 1 





(2k —2) 

' l 






(2k—3) 

1 1 






-(4) 

' l 


. 

• 








^ B d)( A o) 

i 

V L (i)( A o) 

B i 

J 3 ) 

'l 









J 2 ) 

' l 









(!) 










n rW,j U 1.1 


Figure 2. Sketch of projection 7 t<h for color i = l 
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Now, we have the projection of the generating function (I3.4j) 
(3.5) 

(i) ^ai (^V; 1 ) )) * * * ^Ni,ic*i f l,l) hL H (i) (fcAo) 


C % n ( k ) a (^' r ( 2fc_1 ) /) 

n (2fe —l) r l 




J 2 ) 


a . (~ r ( 2fc ) i) 

n (2k) , l r l 4 

r l > l 

X n[ k J ai ("r^y-l) 

(k) a, S Z hl-l) • 

’ ’ A'Oj Ql (y fc >,l) " ‘ ^ 1 > 1 ) Vl b (i)( a °) 

Z r\ 2 \l ) ‘ ‘ " X nfJ ai 

1 


•X (l) (2 (l) ,) • • -X (l) (.Zl l) Vl ...(An), 

n ai v rl ,1' n)(ai K ’ ' rV 1 ) ' 

rf 1 ,! ’ l 


where C G C*. 

From the above considerations follows that the projection of the monomial vector 
bv L BW (k Ac), where b G (fcAj)) is a monomial 

B l B\ 

(3-6) b x n ^ ai (m r (i) j) ■ ■ ■ x ni ;aj (mi,z) • • • x n ^ ^n^iai (^ 1 , 1 ) 

colored with color-type (rj,..., ri), charge-type 94 and dual-charge-type 94, is a coefficient 
of the projection of the generating function (13.511 which we denote as 


n<nbv L (1) (fcA 0 ) 


Wl R (l) (fcA 0> 


Remark 3.3.1. Here we note, that if b G B- 
charge-type 

(^DC 1 ) ^1,/; • • • j ^=(1) !)■■■) ^l,l) j 

"l T l 

dual-charge-type 91 = ..., ...; f^,..., fj fc ^ and such that 

91' <94, 


zs monomial such that it is of 


then, from the definition of projection, follows that 

nvfbvL (1) (fcA 0 ) = 0. 

B i 

This argument we will use in our proof of linear independance. 


3.3.2. A coefficient of an intertwining operator. Denote by Y(-,z) the vertex op¬ 
erator which determines the structure of L (p(A 0 )-module L (lfAD. We shall use the 

coefficient of intertwining operator I(-,z) of type 

/ L b ( i)(Ai) \ 

\L s (i)(Ai) L fl (i)(Ao)/ 

defined by 

(3.7) I(w,z)v = exp(zL(-l))Y(v,-z)w, wGL g (i)(Ai), vGf B (i)(A 0 ) 

(cf. fill. 1 . If we use the commutator formula 

x(m),I(v L (1)(Al )j z) 

B i 
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m 


Z m J I(x(j)v L (1 )(Al ),z) 








(cf. (2.13) in |Li2j ). where x ai (m) G g for CKj G II, we have: 


x ai (m),I(v L {Al) ,z) 

B i 


0. 


We define the following coefficient of an intertwining operator 


A 


LUl 



and by (13.71) . we have 

(3-8) A U1 Vl nj(Ao) (i)(Ai)- 

B l B l 

Let s < k. We consider the operator on L n m (A 0 ) ® ■ <S> L (i) (A 0 ) defined as 

B i B i 

(3.9) = (g) 1 (g) • • • (g) 1 . 

s —1 factors 


If we act with this operator on the vector vl w (kA 0 ) = v l ■ -®vl (1) (a 0 )) if follows 

from (13.81) : 

(3.10) 

Mvl m (kA„)) = >1.(1,) ® • ■ • ® VL ,„(*„) ® VL (1) (A,) ® VL „,(*„) ® ' ' ' ® tl t (1) (A 0 ) ■ 

B l B l B l B l B l B l 

'-V-' 

s —1 factors 

Set b G B Wl ( as in (13.61) . It follows that 

s i (1) 

A s 7r<xbvL g(1) (k a 0 ) 


is the coefficient of 


A. s 7Tj^X n ^q, 2 (^(i) 2 ) ' ‘ ‘ 2-soi (^1,1 (feAo) ■ 


From (13.101) . it follows that operator A Ul acts only on the s-th tensor factor from the 
right: 


(.) a, ( Z r (2a ~ 1) j) ' ' ‘ X na, (~A 2s > /) ' ' ' X n (s) o, ( Z 1.0 

71 (2s —1) , * r l 71 (2s) , * T l n l,l a l 

r l 'l r l ’ Z 

X n' s A ai ( Z r W,l) ‘ ■ ■®ai(*l,l) u V> ( Ao) 0 ’ 


r( s) ,1 


where 0 < n^ ? - < 1, for 1 < p < and 0 < < 2, for 1 < p < rf‘ s ~ V> (see (13.51) ). 

Since A Ul commutes with the generating functions, in the s-th tensor facor from the right, 
we have 


x (s) 

n' ' 


r i ’* 




(^ r ( 2s -!) j) ‘ ‘ ‘ Q (~ r ( 2s ) l) 

r l n (2s) O 

r. v y 




(3.11) 


X n (s ,\ ai ( Z r( 3) ,l) ’ ‘ ‘ (Wl ) Vl b (i) ( Al ) 


(s) 1 

7W 
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3.3.3. Simple current operator e ui . In the same way as in [BuJ in the proof of linear 
independence, we use simple current operators e wi on level 1 standard modules for B[ l \ 
l > 2: 

e Wl ■ L b w(A 0 ) —> L b ( ij(Ai), 

associated to G f), which are uniquely characterized by their action on the highest 
weight vector 

(3.12) &wi v L (i)(Ao) — V L (i)(Ai) 

B i B i 

and by their commutation relations 

(3.13) x a (z)e ui = e wi z“ (wi) a: a (;z), 
for all a G R, or, written by components, 

(3.14) x a (m)e Ul = e ui x a {m + a(cui)), 

for all a G R and rri G Z (cf. [DLM ], jLi2j). 

Let s < k. We define the linear bijection 

(3.15) B s = 1 ® ® 1 <8) e Ul <8> 1 ® ^. <$ 1 . 

s— 1 factors 


If we act with this operator (13.150 on the vector v L (1) ( feAo ) = v l (1) (a 0 ) ® ■ ■■ ® v L (1) (a 0 ), 

b i ’ B i ; B i 

we get 

BsivLn^k Ao)) = V L , d(Ao) ® ® V L (A 0 ) ® t) L ( Al ) ® hL (1) (A 0 ) ® ® hi, m (Aq) ■ 


-V- 

s—1 factors 


Now it follows that in (13.110 we can commute B s to the left and obtain 


*^ n ( s ) a (^ r ( 2s_1 ) Z^ ' ' ' X rS s ^ a; (^y( 2s ) l ) 

71 (2s) a l T l fQc'i a i r l 


(2s) 




' ^ n (s) (~ r ( fc ) o)~ r ( fc ) ^ ‘ ‘ ' ^ai (^l,l) ~l,lbL (i)(Ao) ® ‘ ‘ ‘ • 

r( fe ),l 1 ’ 1 ’ S ! 

By taking the corresponding coefficients, we have 

AgTT^bVL (1) (fcAo) = B s Tl^b + VL (1) (fcA 0 ) 

s i B l 

where the monomial fe + : 

5+ = 6 + (cv/) • • ■b + (a 1 ), 

is such that 

b + (ai) = b(ati), 2 < i < l 

5 + («i) = x n . ai (m (i) + 1) • • • x aai (mip + 1) 

,1 '1 5_l 

= x n (1 ) aiWilJ-'-vKi)' 

' ,1 T’i ,1 
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3.3.4. Operator e ai . For every simple root ctj G II, 1 < i < l, we define on the level 1 
standard module L B (i)(A 0 ), the “Weyl group translation” operator e ai by 

(3.16) 

e„, — exp x_ aj (l)exp (-i+(-l))exp x_ m (l)exp x„,(0)exp (0))exp i Ol (0), 

(cf. h ). Using (I3.16P we see that 


Lemma 3.3.1. Let i, (1 < i < l — 1) be fixed. For every i' ^ i,i + 1, we have: 

a) e ai V (p) (Ao) Xai( 1)^ (i)(Ao); 

B l B l 

b) x ai (z)e ai = z 2 e ai x a .(z); 

c) x ai+1 (z)e ai = z- l e ai x ai+1 (zf 

d) x a .,(z)e ai = e ai x a .,(z). 

Set 

1 0 • • • 0 1 0 e a . 0 e ai 0 • • • 0 e Qi 

"---v-' 

s factors 

where s < k. From Lemma [3.3.II a), it now follows 

(1 0 ■ ■ ■ 0 1 0 e a . 0 e Q . 0 ■ ■ ■ 0 e Q .) v L (1) ( fcAo ) 

B i 

= (-!) S VL (1) (Ao)®-”®UL (1 ) (Ao)® 
b i B i 

X ai (-l)v L mi A o) ®X ai (-l)v L ( 1 ) (A 0 ) 0 • • • 0 X ai ( — l)v L (1)(Ao) . 

B l B l B l 

v -V-' 

s factors 

Let 1 < i < l — 1 be fixed and let & be a monomial 


□ 


(3.17) b = b(a i+ i)b(oii)x sai (-s) 


= X r . 


r i+l> i+1 


i+i{ m r w j +1 ) ■ ■ ■ x n lii+1 a i+1 ( TO l,i+l) 


O+l 


of dual-charge-type 


x n (p) ■ ■ • x n2 iQli (m 2 , i)x soli ( s), 


ftt _ / A 1 ) Ap) . A 1 ) A s ) n n ) 

~ \ 1 i+1) ■ ■ ■ i'*+li 'i >■■■)'* i u ■ ■ ■ > u I > 


where p = k if i + 1 < l or p = 2k if i + 1 = l. 

Assume that i < l— 1. The situation of i — Z**l is similar to the case which is considered 
in Let 7ph be the projection of principal subspace Wl ( i)(a 0 ) ® • • ■ 0 Wl ( i) (a 0 ) on 

B i J B i 

the vector space 


Wj 

The projection 


V )(Ao) ,_W. 


(A 0 ) 0---0W L (1)(Ao ) • 

‘ (dXTO) (rW;rW) B l 


( i)(Ao) 


TK& (A 0 ) 


of the monomial vector b ( vl (1) (a 0 ) 
function 


x l (i) (A 0 ) ) is a coefficient of the generating 


^<R x r. 


r w 

i+l 


i+1 


Oti+1 ' 




0+1 


n l.i + l«i+l ' 


( z l,i+l) x n (p) a, ( Z r W j) ’ ’ ’ X n 2l iai { z 2,i) 
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Vl „(i) (Ao) 




•Xcxii 1 ) V L (i)(Ao) 


= Cx 


(fc) 

„(*0 


«i+l ^ r <+lJ*+l^ <*i+l (”' 1 ,!+ 1 )^i R (l) (A 0 ) 


r i+l’ <+1 


l,i+l ai +l 


<S>x 


« 

(2 s- 

r i +1 


1") ^i+l 





00 

r i+l 


,i+l 


<*i+i 



X (s) 
n l,i+l c 


: *+l 


( z l,i+l) 


X (s) (z (s) .) 

n (s) a * V r i V 

' X nf ) oti (~' 2 >®)^' q WA (1) (Ao) 

,1 

r. 

i 

® • • -® 

<g)X (l) (z (l) ., .) • ■ -X (l) 

nV. <u+i v rX ',i+l' n\L a 

T i+i' i +l 

...(V 2 ) i+l)-" X n W aS Z w) X n W or+S Z W 

2+1 < l_ |_l+-t"X ' t 2,2+l° :2 ^lji+l^+i 

X (l) (z (l) .) 

n d) a i V r i 
r: ' ,i 

'‘ T + 1 )a i ^ 2 -*) eQ i t ’ L (i)(Ao)> 

2 ’* "i 


where C G C* (see (13.5p ). We shift operator 1 ®... <g) e Qi <g) e Qi <g)... <g) e Qi all the way to 
the left using commutation relations b), c) in Lemma [3.3. II 


where 

and 


(1 <g> • • ■ <8) 1 (2) e ai ® e ai <g) • • • ® e ai )n w b' ( v l^ i} (A 0 ) <8> • • • 
ay _ /-l 1 ) r ( s ) . A 1 ) _ i r ( s ) _ -A 

- n — l ' i+l) • • • 5 ' i+\i ' i L ■■■■>'i L i 


V L (!) (Ao) ] ) 


w 


6 ' = b'(a i+1 )b'(af) 

= ' ■ ' x n 1: i +1 a i+1 { m l,i+l — n l,i+l — ■ ■ ■ — n l i+l) 

x n (1 ) ( m r (D + 2 +.(D ) ‘ • • X n 2 i*i (™2,i + 2 7l 2 ,i) 

r.'a.A i "> L i 

x n (1 ) ( m (l) ■) ‘ ‘ ‘ X n 2 ,iai( m 2 ,i) ■ 

r.'OLi '1 5* 


. (!) 


X n (1) . o i+ i( m (i) i+1 ) ‘ ‘ ‘ ^n^i+iai+iV 

T i+1’ ,+ 1 r i+l’ + 


In the proof of linear independence, we use the following proposition: 


Proposition 3.3.1. Let b 43.171) be an element of the set Bw L (kAf)) ■ Then the moiioinial 

B i 1] ° 

b' is an element of the set B Wr ... ,. 

L (l)( fcA o) 

B l 

Proof. The proposition follows by considering the possible situation for n p ^ 2 < p < , 

and rip.i + i, 1 < p < r^i\, from which it follows that m pp comply the defining conditions 
of the set Bw r ,,. , • As before we will assume that i < l — 1, since for the i = l — 1 the 

VVL (l)( fcA o) ’ 

B i 

argument is similar as in the case of affine Lie algebra B ^ (see rai 
(1) For n Pti = s < s, we have 

m' pi = m Pti + 2s 

< — s — 2 (p — l)s + 2s 
= —s — 2 (jp — 2)s 
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and 


m 'p+i,i = ™p+ i,i + 2s 

< —2s + m pi + 2s 

= m! pi - 2s for n p+hl = n Pji 


(2) For n Pj i + i < s, we have 

m p,i +1 = m p,i +1 — n p,i+l 


„(D 


< **n Pii+ i - ^ 2 min {ra Pii+ i, ?y, i+ i} + min W.^ 1 ’ n 9 ,*} ~~ n P,i+i 

p>p'> 0 9=1 


r, (1) 

= -n Pii+ i - ^2 2 min ( n P,*+l: ? V,*+l} + min ( n P,i+l> n 9,*} 

p>p'>0 9=2 

and 

m p+l,j+l = m p+l,i+l ^p,i+l 

^p,i+i 2n Pj j_|_i for Hp+i,i+i ^p,i+i- 
(3) For n Pj i+i > s, we have: 


m p i+1 = m p , i+ i - s 

< -n p>i+ 1 - ^ 2 min {ry i+ i, ry ii+ i} + ^ min {n Pji+ i, n q>i } - s 




p>p’> o 


9=1 

Jl) 


and 


= -n p> j+i - ^2 2 min {^p,i+l> V,*+l} + min ( n P,i+l; n q,i} 

p>p'> 0 9=2 


?Ti p+l,«+l — m p+M+l S 

^ ny «+1 2n p j_|_i s 

i^p.i - i 2n P) j + i for Hp+i,i+i Hp,i+i. 


3.3.5. The proof of linear independence. By Proposition ^.2. li the set 93 


W L (1) (fcA 0 ) 


□ 

of 


monomial vectors fry (1) (fcA 0 ) spans Wl m (kA 0 )- We prove linear independence of this set 

B i B i 

by induction on l and charge-type 93' of monomials b 6 B w . Linear independence 


for the case l — 2 is proved in [fiuj. 


V L (1) (fcA 0 )‘ 


Remark 3.3.2. The idea of proof is that for the “minimum” quasi-monomial vector of 
dual-charge-type 93 in a given subset of %$w L (1)(feAo) > we define the projection Tiy, which 

“kills” all monomial vectors higher in the linear lexicographic ordering “<” (see Remark 

EH) . 
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We fix 1 < i < l and the dual-charge-type 


(3.18) 


91 = r 


,( 1 ) 

l J ■ ■ ■ 


(2fc). (1) 

'2 ’ ' 2—1> • 

„(*). 

• • , ' 2-1) ■ ■ ' 

.„(!) 

• ? ' i ’ * * 

• > u- fe) ) 

IV 

IV 

.O 



r (1) > 
'2-1 — ■■ 

c* 

Al 



IV 

N ( k) 

■ > A ■ 




Denote by 21 <h C (fcA } the set of monomial vectors bvL (1) (fcA 0 ), where monomials 

s i (1) ° s ' 

6 are of dual-charge-type (j3. 18j) and the corresponding charge-type 

( 1 ) ;)■■■) ^1,2) ( 1 j l— 1’ ' ' ' i ^1,2—1) • • • i ^y 1 ) • • • j 2T-1 , 

« (!)_, < < ni,{ < 2k, 


n 


Note, that monomials b E B\,y 


,(i) . .<...< ni,z_i < fc, 

I-1» J 1 

< • • < ni.i < A:. 

i (1) (fcA 0 ) 


(3.19) 


6 = 6(ai)&(a;_i) ■ ■ -ftfa,) = 


= X. 


W /) 


" (D ±; ,2 


• x. 


„( 1 ) 


on- 1 { m r W i_i) ■ ■ ■ {_!«!_! (^1,2—l) 


,i-l 


' ' ' x n (!) a; ( m r W j) ' ‘ ' x n li a i i 

r. J ,i ' i ’ 

of the charge-type 93' and dual-charge type 91 can be realised as elements of the principal 
subspace in the case of the affine Lie algebra of type B^ i+1 . 

Under consideration at the subsection 13. 3. 11 the default dual-char ge-type 91 determines 
the projection on the vector space 


W, 


L (-\ \ (An) 

B} 1)K ’, ( k ) (fc) (fc)\ 


m(Ao) 




c (!)(Aq) ® ® Wl (!)(Ao)- 


Since the restriction of -module L(A 0 ) on the subalgebra S z _ i+1 is a direct sum of the 
level one S z _ i+1 -modules L s (i) (A 0 ), with a highest weight vector vl {1 , (a 0 ) =v l {1 , (a 0 ), 

i-i+l B\ J B l - i+ 1 

it follows that 

(3.20) TTfftbVi, (fcA 0 ) ^ bUc ^ (A 0 ) ® ' ' ' ® bU/, (1) (Ao) b^L (!)(A 0 ) ® ' ' ' ® bU L (A 0 )j 

b i B i-i +1 U-i+i ® u 

where 1U (1) (a 0 ) = bfL(A 0 ) 0ai+ ... +0Q ,. x is a principal subspace of standard U^ +1 -module 


l-i+l 

L b (!) (Ao) C L (i)(Ao). 

i — i+1 i 


On (13. 2 0|1 we can act with operators A nii , B nii and e ai defined for vertex operator 
algebra L (p (A 0 ), whose properties are described in subsections 13.3.2113.3.31 and 13.3.41 

With these operators we “move” monomial vectors Ti^bvL (1 , (fcA 0 ) from one space to an- 

B i 

other until we get vectors of the form 7T^b(ai)b(ai-i)vL (1) (fcA 0 ) £ 7Tjh 21. In [Du] has been 

B i 

proven that the set 7 t<k 21 of vectors 7r<^b(ai)b(ai-i)vL (1) (fcA 0 ) is a linearly independent set. 

B i 

By using the previous observations, we can prove: 
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Theorem 3. The set %$w L (fcAo) forms a basis for the principal subspace Wl m (k\ 0 ) C 

B \ 1] 


L (i) (kAo). 

°i 

Proof. Assume that we have 

(3.21) ^ ] c a b a VL (fcA 0 ) = 0, 


i£A 


where A is a finite non-empty set and 


b a e B Wl y 

B i 


Assume that all b a are the same color-type (r;,..., ri). Let b be the smallest monomial 
in the linear lexicographic ordering “<” 

b = b(cti) ■ ■ ■b(a 2 )b(a 1 ) 


= X r 




a i i) ' x ni l0ll {rn.\ i) • • • x n «2 (orpi) ^) • • • x ni2a2 ( 1111 , 2 ) 


X r 


( 1 ) ai (rOyi 1 ) 1 ) ■ • • x ni iai ( j), 

r l '1 1 ’ 

of dual-charge-type 

ro-lV 1 ) r (2fc) - -r (1) J h) -r w 

1 11 , . . . , I 2 )■■■)' 2 ) ' 1 j • ■ • >' 1 J 1 

and charge-type 

(3.22) 93' = (n r m v • • •, n ltl \...; n,(i) 2 ,..., m l2 ; fi r Wi, • • •, ^ 1 , 1 ) , 

such that c a 7 ^ 0. Then for every other monomial in (13.211) we have 

m lt i > -j. 

Dual-charge-type 91 determines projection tt<r of Wl ( 1 ) (a 0 ) ® ... <g) Wl ( 1 ) (a 0 ) on the vec¬ 


tor space 


Wi 


k factors 


I- 9 ’" 9 W W^\^",.,rp.'+W 


L s, (1)(Ao) /..W. .„(k) 


(g) Wj 


L m(A 0 ) , , , . , . ® ' ■ ‘ Wl n) (A 0 ) 


or ) 




where 


,.(*) _ r (2i) , _(2t-l) 
Pi ~ ' 1 ~r ' 1 


By Remark [3.3.11 n<R maps to zero all monomial vectors b a VL m (fcA n ) such that b a has a 

B i . 

larger charge-type in the linear lexicographic ordering “<” than (13.221) . So, in (I3.23|) 
(3.23) Y CgirxbgVL (1) (fcA 0 ) = 0, 

a Bl 

we have a projection of b a VL (1) (fcA 0 )5 where b a are of charge-type (13.221) . On (13.23)) . we 

B i 

act with 

A ni l = 1 ® ... ® A W1 ® 1 (gi. . (g) 1 , 

np 1 -1 factors 

then, from 13.3.21 and 13.3.31 follows 


A-m t i ( ^ ^ O a 7Ty\b a 
\a£A 


Vl (1) (fcAo) ) - e r 


1,1 I ^CaTrjRft+U 
\a£A 


L s (i)( fcA °) I ’ 
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where 


&ni i 1 


711,1 — 1 factors 

After leaving out the invertible operator e ni 1 , we get 


where bf G 2U C B 


>w, 


L (l)( fcA o) 


^ c a T ^K V L (1) (fcA 0 ) - 0, 

a S ‘ 

are the same charge-type as b a in (13.21(1 . We act with A ni 1 


and e ni ! until j becomes —nip. Assume that after nip, — j steps we got 

^ ^ CaTiR^a(ch) • • • b a (oii) b Q (op);r ni iai ( ZZip)lp, ^ (fcAo) 0) 

a ’ Bl 

where monomial b^(ai)x ni lCtl (—7b. p) is of color i — 1 and 

6j>i(q!j) • • ■ 6^(c»!i)a; riliai (—nip)vi (1) (fcA 0 ) G 2hn- 

B i 

Now, from the subsection 13.3.41 follows 

n<ftb(ai) ■ ■ ■ b(a 2 )b + (ai)x ni iai (—rii tl )vL (1) (fcA 0 ) 

B i 

= (1 ® • ■ ■ 1 ® e ai ® e ai ■ • • ® e ai )6 / (o! 2 )6 / (Q!i)n L (1) ( fc A 0 ), 

B i 

where b(ai) ■ ■ ■ b'(a 2 )b'(ai) does not have a quasi-particle of charge n ip. 
b(ai) ■ ■ ■ b'(a 2 )b'(a 1 ) is of dual-charge-type 


Monomial 


nt~ — ( A 1 ) r ( 2fc ). . A 1 ) r ( fc ). r ( 1 ) _ i 

-o —Ip j ■ ■ • j p >■■■>' 2 )•••>' 2 j ' 1 - 1 -) 


J"y) _ i 

j ' i 1 


and charge-type 


such that 


( 1 ) ;)■■■) ^1,2> ■ ■ ■ j A r O) 2> ■ ■ ■ > ^l,2i W r W 7Z 2 p^ j 


1 ) ^1,0 • ■ ■ ) 77 r O) 2> ‘ ‘ ‘ J ^1,2j 7Z r | 1 ) ^2p^ 

^77^(1) /)■■■? • • • j 77^(1) 2> ‘ ‘ ‘ ! ^1,2) 77^(1) -))•••) 77 2 ,1 ; ^ip^ • 

From Proposition 13.3.11 it follows that with the described process, we get elements from 
the set (fcA } . We continue with the described algorithm, until we get monomial 

“colored” only with colors z = l and z = l — 1. Thus, under the consideration at the 
beginning of this subsection, it follows c a = 0. □ 

3.4. Characters of the principal subspace WA (1) (fcA 0 )* We use the following expres- 

sions (I3.24D . (I3.25D . (13.26(1 . and (13.27() to determine the character of ITT (1) (fcA 0 ) - These 

B i 

expressions can be easy proved by using induction on the level k G N of the standard 
module L B o)(kA 0 ). 

Lemma 3.4.1. For the given color-type (r;,r/_i,... , r 2 ,ri), charge-type 

tz^i.) [i • • • j ni,i, n (i) )_p • • •) Tii,i— i) ■ ■ ■ j tz^p) 2 ’ ■ ■ ■ ’ ^i) 2 ) 7ZyO) !>■■■> TZip 
and dual-charge-type 

(1) (2) (2k) (1) (2) (fc). ._(!) _(2) _(fc)._(l) _(2) _(*)', 

P )P )•••; ' l > P-1) P-1) ■ ■ • ) P-1) ■ ■ ■ P 2 > ' 2 )•••)' 2 )'l i'l vi'l /) 
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we have: 


(3.24) 

(3.25) 

(3.26) 

(3.27) 


4 1 ) 


r w r w k 

x x min ( n p^ 2w 5,i-i}=x r i-i( r i 2s ~ i] + r f s) )> 

p=l q= 1 s=l 

r& fc 

X] X min ( n p,*> = X] 1. 2 < i < l - 1, 

p=l s=l 


X ( X 2min ( n P,i> »V,i} + n P,*) = X r *' S) ’ 2 < i < l - 1, 

p= 1 p>p'> 0 


„(!) 


S=1 

2k 


BE 2min{n Pj /, Up',;} + n p. ; ) X 

p=l p>p'>0 


h) 2 


s=l 


□ 


We also need the combinatorial identity 

1 


(3.28) 

where 


(q). 




j> 0 


(q)r (1 - q){l - q 2 ) ■ ■ ■ (1 - q r )’ 

r > 0 and p r (j ) is the number of partition of j with most r parts (cf. [A]). 

Now, from the definition of the set %$w L , kA , and (13.241) . 113.25)1 . (13.261) . (13.27)1 . (13.28)1 

B i (1) ° 

follows the character formula: 

Theorem 4. 


ch W L ^ (1) ( k a 0 ) 

g ^ + - +? f> 2 

r ( 1) >..> r W>0 ^^l 1) - r l 2) 


E 


J/i 


E 


r^>...>r^>0 


(l ) 2 . . (fc ) 2 (l) (l) (fc) (fc) 

g^2 +-"+ r 2 “ r l r 2 - r l r 2 

(<?) r «_ r ( 2) • • • (q) r w 

'2 '2 '2 


y? 


E 


,(!) 


_i_1 - r K > — 

-1 + + W-1 


( fc ) _.(!) „( 1 )_ „(*0 „(*) 


1—2' l — l ' 1-2' l-l 


r, ( i ) 1 >...>r, ( * ) 1 >0 


(<?) r ( i ) _ r c 2 ) • • • (q) r w 

' i-i 1 i-i ' i-i 


- 7 y r «- 1 

yi -1 


E 




(IK . (2fcK n 

7j >0 


(^WJ 2 ) ' ' ‘ (0') r (2fc) 


-Vi 


n 


□ 


23 





















3.5. The basis of the W n (1) (kA 0 )- Using the relations among quasi-particles of the same 

B i 

and different colors, using the proof of the theorem [3] with the same arguments as in [fBu J. 
we can prove: 


Theorem 5. The set 03 


w, 


(3.29) 


N o(l)( fcA °) 


bvNglD (fcAo) 1 b G B w n (1) (fcAo) f> where 


( 


B 


w, 


N (1) ( feA o) 

B i 


u 

n m <...<ni i 

,1 

(i) <...<ni,i_i 

0-1’* 

n ( 1 ) <-<ni,; \ 

0 > l X 


or, equivalently, 


\ 


U 


>0 

0-l>->° 

d 1 ) 


>•••>0 / 


= 6 (a i ) • 

■ • • 6 (q!i) = .T 

n r m t i ai ^ m rf ) , 1 ) ' 

x n ltl ai • 

x n (!) ai (ni ( 1 ) 

, 1 1 1 


d 1 ) 





53 

IA 

1 

n p,i + 

min {n q>i _i, n Pti 

} ^-jp>p'>0 ^ 

min{n P}i , 





1 < p 

< u (1 \ 

^p+l,i — 


if Tlp+l,i ^lp,ii 

1 < p < r ^ — 

1 , 1 < i 

< 1 -i 


r (1) 





m Pji < - 

n P ,i + 

min {2n q i_i, n p 

4 I 0 ^ 

min{n p i 

i n-p'^}, 

^p+l,Z ^ 

m Pt i - 2n Pt i 

if n p,i fip+iji 

1 < p < — 

1 



, 


.( 1 ). 


where r{ ) l> = 0, is the base of the principal subspace Wn m (kA 0 )- 


□ 


3.6. Characters of the principal subspace Wn (1) (fcA 0 )- From the above theorem and 

B i 

(13.24)) - (13.28)) we can write the character formulas of principal subspace Wn (1) (fcA 0 ) : 

B i 

Theorem 6. 


(3.30) 


ch Wn (1) (fcA 0 ) 


-4-hr-( ui) 


m (?) r ( 1 )_ r .( 2 ) • • • (q) («!) 

r) 1 >...>r( 1 >0 1 1 ri 

iti>0 


„ r 1 

■Vi 


E 


d 1 ) _ L d“2) _J1) Jl)_ J u 2)Ju. 2 ) 


u 2 >0 


(?)rW-d 2 ) ' ' ' (<?)> 


‘I/? 


E 


r ar 

q r ‘~ i 


«!-i>0 


T'7-1 '( — 90 — 1 


Oi-l) (“i-l) 
0-2 O-l 


(?) r ( 1 ) __( 2 ) 
r Z-l r z-l 


• • ■ (9). 


(“i-l) 
' i-l 


V *- 1 

hl-1 
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rt\ ) (rl 2ui - 1) +rf ui) ) 


E 




H-hr 


(2 u iY 


-r i ( i ) i(r i (1, +r i (2) ) 


(l)-v. \ i^ u l) ^ n 

7j >...>r z ‘ >0 

u z >0 


(9) r W_, 


-f ''' 


(<?), 


,(2«i) 


- 2 // 


□ 

We can determine the character of principal subspace Wjy w (kA 0 ) using the Poincare- 

B i 

Birkhoff-Witt theorem, since we have 


w n ( i)(fcA 0 ) — UiCin+U). 

B i 

Set {x a (m) : a G R + ,7n < 0} a basis of the Lie algebra £(n + ) <0 with a total order on 
this set: 

x(m) < y{m!) x < y or x — y and m < m!. 

Now, we can write a basis of £/(£(n+)<o): 

(3.31) x ai (m\) ■ ■ ■ x ai (m S i)x ai+ol2 (rn\) ■ ■ ■ x ai+a2 (m 2 ) ■ ■ ■ x ai+ol2+ ... +ai (mj) ■ ■ ■ 

• X Q , 1 -|_ 0 , 2 -|- \- ai (ufy )x qi _|_2q:2H- +2ai{ m l+l) ' ' ‘ ^ai+2o2H-h2a i ( m -; +1 ) ' ' ' 

%a\+ot2-\ -h2 ai ( m 2l—l) ' ' ' %a\+a2-\ -f-2a; i m 2l—l ) 

• • • X ai _ x (m} a _ 3 ) ■ ■ • law ( m P-~ 3 3 ) ■ ■ ■ x ai _ 1+2ai {m^j) ■ ■ ■ x Ql _ 1+2ai (rripll) 
x ai {m\ 2 ) • ■■x ai (m s /), 

with m\ < ■ ■ ■ < m\\ Sj G N for i = 1,..., P. 

It follows that the subspace f/(£(n + ) < o)( m ,ri,...,r i ) has basis (13.31(1 . where 

l 2 Si 

(m, n,..., n- 1 , ri) = ^ m\,s 1 +s 2 -\ -fs 2 /-i, • • •, s t -H- \-sp_ 1 , si+2si + i~\ - \-s 12 ). 

*=1 3 =1 

The bijection map 


U(C(n + ) <0 ) W N m(fcAo) 

B i 

b t-h bVN (1) (fcAo) 

B l 

maps weighted subspace C/(£(n + )< 0 )( m ,r 1 ,...,r„) on W N (1) ( fcAo ) 


(3.32) 


ch W N(kA 0 ) ~ n JYZ 
m >0 ' 


(m,n,...,n) 

1 


. Thus, we also have 


q m yi ) (1 - ? m yw 2 ) (1 - ? m 2/i ■ ■ • m) 


(1 - q m yiyl ■ ■ ■ yf) (1 - q m yiy 2 ■ ■ ■ yf) 

111 


(1 - q m y 2 ) (1 - g m y 2 |/3) (1 - 9 m ?/2 • • • yi) (1 - q m y 2 yl ■ ■ ■ 2 /f) (1 - 4 m 2/22/3 ■ ■ ■ yf) 


11 11 

(1 - q l ~ l ) (1 - q m yi-m) (l - q m yi-wf) (1 - q m yi) 

Now from (13.301) and (13.32)) follows a new identity of Rogers-Ramanujan’s type: 
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Theorem 7. 

1 


n 

m > 0 


(1 - q m y i) (1 - q m y!y 2 ) (1 - q m yi ■■■yi){l- q m y\y\ ■ ■ ■ yf) (1 - q m yiy 2 ■ ■ ■ yf) 


(1 - q m y 2 ) (1 - q m y 2 y 3 ) (1 - q m y 2 ■ ■ ■ yi) (1 - q m y 2 y\ ■ ■ ■ ?/?) (1 - ? m 2/ 2 2/ 3 • • • 2/z 2 ) 


(i - g*- 1 ) (i - q m yi-m) (1 - q m yi-iy?) (i - q m yi ) 


E 




m f„o (?) r « r ( 2 ) ' ’ ’ (?) r («i) 

n ) >...> r [“ l} >0 1 1 1 

wi>0 


„ 7*1 

S/i 


E 


r (!) 4_, (“2) (1) (1)_(“2) (“2) 

7' 2 ' I ' 2 ' 1 ' 2 ' 1 '2 


^ 1 ) >-> r ^ 2) >0 

«2>0 


• • ' (?)j“ 2 ) 


‘I/? 


,( 1 ) 2 _ L ..._ L ^ ( “ i - l )2 _^( 1 ) „(P _ ( W Z — l ) ( U Z — l ) 


E 

. («i 

Ui- 1>0 




(9), 


(i)._ r W • • ' (?)>z-i> 


yi-i 


E 

...> r ( 2 

«(>0 


-»r- 


(1)\ ^ (2 u i) 

r l * >0 


(?) I .( 1 )_ r ( 2 ) ‘ ' ' (?) J 2 “i> 


'l 'l 


'l 


□ 


4. The case cf^ 

4.1. Principal subspaces for affine Lie algebra of type C\ 1 ] . Let g be of the type 
Ci, l > 3. We have the following base of the root system R: 

n = |«i = -J= (ei - e 2 ), • • •, «{_i = -J= (ej_i - €i), on = V2e\ , 

(where {ei, is as before orthonormal basis of the M. 1 ), the set of positive roots: 

R + = (e* ~ E‘) : * < ?| U j-^= (ez + Cj) : i ± j| U {v^e* : 1 < % < l 

and the highest root 

6 = \/2ei = 2«i + • • • + 2cp_i + Oil 

(cf: E). We denote the vector space 

U c v> =U(C{n ai )) ■•■[/(£(n a J), 

where 

£(n Q ) = n a ® C[£, t -1 ], n Q = C:r Q , «€/?+. 


Now, we have: 
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Lemma 4.1.1. Let k > 1. We have 


W L (kAo ) = U C (1)V L {k Ao), 

1 


PU 


N 


,(i)' 


(fcA 0 ) - U (i)V N (1) (fcAo) ■ 


□ 


4.2. The spanning set of PUl (1) (fcA 0 )- Here we establish relations among quasi-particles 

c i 

of colors i — l — l and i = l and relations among quasi-particles of colors i — 1 , ..., l and 

j — i ± 1- ^ 

Note, that as in the case of C^\ we have: 


Lemma 4.2.1. Let rq_i,rq G N be fixed. One has 

min{nsz_i,2n;} 

x ni_ 1 cq_ 1 \ z l —1 ) x n t ai ( z l) v N (fcAo) 


1 - 




2l-l 


(4.1) 


e z 


—min{nz_! ,2n;} 


-1 


Hat (1) (fcA 0 ) [[zz-i,zj]]. 


□ 


Using the commutator formula for vertex operators we can prove: 

Lemma 4.2.2. Let 1 < % < l — 2, rq+i, n, G N be fixed. One has 

a) (Z 1 - Z 2 ) ni x niai (z l )x ni+iai+1 (z 2 ) = (zi - ^2) n ^n i+1 a I+1 (^2)^n i a i (u)- 

b) (zi - ^ 2 ) ni+1 a:n i a i (u)U! i+lQi+1 (-2) = (zi - Z 2 ) ni + 1 X ni+iai+1 (z i+1 )x ni0li (z 1 ). 


□ 


Using the same arguments as in proof of Lemma [3.2.31 follows: 

Lemma 4.2.3. 

min{n i+ i,ni} 

x niCti { z i) x n i+1 a i+ 1 ( z i+l)VN m (fcAo) 

G l 

(4-2) G zfi™* {ni+1 ’ ni} W N (fcAo) [[zj, Zi+J] . 


1 - 


Zi+l 


□ 


Now, as in Subsection 13.21 follows 


Proposition 4.2.1. The set *8 Wl _ ffcAn1 = { bv L (1) (fcA 0 ) : b G B Wi 


VL , l) ( *= Ao) 


£ „( 1 ) ( fcA o) 


, where 


(4.3) 


5 


w, 


L „(i)( kA o) 

c i 



/ 

\ 

u 

or, equivalently, 

u 

n i<2/c 

rj ; ,i _ — ’ — 


(IK . (2fcK n 

n <...<ni i_i<2k 

r , i ,i— 1 


r ;—— 0 

{—i 

n (i) <...<ni ;<fc 

V 

q (1) >->q (fc) > o / 

6(«i) •' ■ 6 («j) = x n (1 ) 

d 
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rrip.i < -n p j - Y , P>P '>o 2 rnin{n Pjh n p >j}, 1 < p< r{ 1} ; 

m p+lj i < m p i - 2 n P)i if n p j = n p+1)l , 1 <p< r ; (1) - 1; 

r U) 

mpj-t < —n p .i-i + Jf , q Li min{2n q>u n PiJ _ 1 } - E P > P '>o 2 mm { n P ,i , i 

1 < p < r} 1 ); ^ 

?Tip+i,z-i < rn Pt i _i - 2n PjZ _i z/n p+ i )Z _i = n PiZ _ 1; 1 < p < - 1; 

r (!) 

rrip.i < —n Pi i + E g =i min{n qii+1 , n Pii } - E P >p>o 2 rnin{n P p, ry,*}, 

1 < p < 1 < z < l — 2; i 

< m P ,i - 2,n P p if n p+ht = n p . t . 1 < p < r- 1} - 1, 1 < i < l - 2 
spans the principal subspace Wl w {k\ 0 )- 

c i 

□ 


4.3. Proof of linear independence. As we mentioned in the Introduction, we prove the 
linear independence of the monomial vectors from Proposition ^.2. ll nsing the coefficient of 
an intertwining operator, the simple current operator and the “Weyl group translation” 
operator. So, first we describe their properties, which we use in the proof of linear 
independence of quasi-particle bases. 


4.3.1. Projection 7T$h. Fix a level k > 1. Consider the direct sum decomposition of 
tensor product of k principal subspaces Wl (1) (a 0 ) of level 1 standard modules L c (i)(A 0 ) 


ffn ( i)(Ao)®' • -®Wl (1 ) (a 0 ) 

G ( G i 


U 


w, 


L nW . a., (Ao) 


uW>->uW>0 

^ (1) >->«i W >0 


/ (k) ( k ) ( k)\ 

K 1 ;■■■■,W\-’ u i ) 




where W L (Ao ) 

°i 

and where 


is a ffiweight subspace of weight ^‘ =1 u[^ai, 1 < j < k, 




V L { 1 ) (kA 0 ) ~ V L (a) (Ao) 

G ! G Z 


^ (i) (Ao) 

u i 


k factors 


is the highest weight vector of weight kA 0 . 

For a chosen dual-charge-type 

K-(r W r (2fe) - -r (1) r {k A 

~ l'l ) • • • 1 ' l-V ■ ■ ■ ) ' l-l 1 'l l-'-l'l 

set the projection of principal subspace Wl m {kA 0 ) to the subspace 


Wi 


L n) (Ao) 


/ ( k) (k ) (k)\ 

(Mi ) 


• ■ ■ ® Wl /js (a 0 ) 




where 


it) m (24-i) 

' i ' 1 i J 


for every 1 < t < k and 1 < i < l — 1. If we denote by the same symbol 7 t<h 
the generalization of this projection to the space of formal series with coefficients in 


Wi 


A (i)(Ao) 


Wl ( 1 ) (A 0 ), then for a generating function 


(4.4) 


X, 


( 1 ) ai \ Z W> i) ‘ ‘ ■ x ni 1 iai (^l,l) ’ ’ ’ x n ai_ 1 { z r W ’ ’ ’ Xn i,l-i a l-i ("14—l) 

r l A 1 ’ r l—i ’ l ~ 1 l—l’ 


X, 


n rW ai\^ r W yl 


( Z rV.l) 


■ X, 


n i 


,i«/ \ z l,l)i 


28 










we have 


(4.o) 7T%X n ' ' ' X nil ai (^1,0 (fcAo) 


= C X (k) 

n (2fc-i) “1 

,1 


( Z r ( 2k ~ 1 \l) ' ' ' X n (k l k . 


(2fc) , 

rO ,1 


m ’ ’ OC (fc) 


fe ) a; 1 (~d 2fc_1 ( J—l) ' ' ' X n' k ' > on 1 ( Z r ^ 2k ^ l— l) ' ' ' X n^ on (^M — 1 ) 

(2fc—1) , “*-1 r l 1 n (2k) , “*-1 0-1 1 n l,i-l a *-l 

l-l ’ l ~ 1 r l-1’ 1 - 1 

X n (l f k) aMr\ k \l) . X nf ) l aM 1 ^ Vl c W ( A °) ® 


® X n% ' ■■^J Zl ’l) ' ' ' 

,1 ,1 

X n% ' " X n (1) ' " ^.iOm ^M” 1 ) 

h-r'- 1 h-r'- 1 

X n ( f ) 1 , a/ Z r, (1) ,z) ' " X n^ ) l aS Zl ’ 1 ^ l ’ L c W ( A °)’ 

r l ’ l ’ 1 

where C G C*, 

0 < rtf] < 1, > rtf} > . . .> rtf~ l) > rtf}, n Ptl = rtf} + rtf} + • • • + rtf~ 1] + 

and 


0 < 


n. 


( t ) 


— P,2 


< 2 , 


n (1) > 

Pi* — 


( 2 ) \ 
n • > 

p,i — 


> n, 


(fc-i) 


> n, 


(k) 


— ' °p,i — ,u p,i 1 n P,i 


= n. 


(1) 

p,i 


+ n$ + 


. (k— 1) . (fc) 

+ <,: ' + ^j, 


p,z 


for every t, 1 < t < k, and every p, 1 < p < rtf, 1 < i < l. 

In the projection (14.5p . n Pt i generating functions x ai (z p j ) (1 < p < rtf), whose product 
generates a quasi-particle of charge n p j, “are placed at” the first (from right to left) n p j 
tensor factors. This can be shown as in the example in Figure [3j where each box represents 
rtf\. The situation for the genarationg functions of colors 1 < i < l — 1 can be shown 


fc 

n 






l ’ L c W ( A o) 
Vl c W (Ao) 
l ’ L c (i) (Ao) 

i—l c* 

1 1 
•Si -Sfi 











; 


. 


J 3 ) 

' l 









VL c (i) (Ao) 
l ’ L c (i) (Ao) 
VL „(i) (Ao) 

r (2) 

r l 









Jl) 

1 1 









rid), n, k) n u "« 


Figure 3. Sketch of projection for color i = l 


as in the example in Figure [H where two generating functions x ai (z P} i) (1 < p < rtf) 
“are placed at” the first ^ tensor factors (from right to left) if n P)l is an even number 
and if n pi is an odd number, then two generating functions x ai (z Pti ) “are placed at” the 
first np ' l ~ tensor factors (from right to left), and the last generating function x aj {z pp ) “is 
placed at” np, 2 1 + 1 tensor factor. Therefore, for a given monomial b e B\y. 


£ „(i)( feA o) 


(4.6) 


b = X r 


(i) yi (^i' r .( 1 ) i) x ni iai (mi l) ■ ■ ■ x n ^ ^ ai (m r (i) j) x niiai ( rri\ i ) 
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(2fc) 

1 i 



VL c (i) ( A °) 
°i 

Vl c (i) ( A °) 

c i 

(2k—1) 

' i 





(2k—2) 






(2k—3) 

' 2 






r (4) 


. 

• 








^ (l) (A 0 ) 

c i 

Vl c (i) ( a o) 
c i 

r (3) 









r (2) 

' i 









A 1 ) 

' i 










n r ( 1 \i n l,i 


FIGURE 4. Sketch of projection for color 1 < i < l — 1 


colored with color-type (ri,..., r/), charge-type 9%' and dual-charge-type 94, the projection 
is a coefficient of the projection of the generating function (14.51) which we denote as 

nnbvL {kAo) . 

L i 


4.3.2. A coefficient of an intertwining operator. With A Ul , 

A,^ = Res. z^Hvl ( 1 )( a,)j z), 

c i 

we denote the coefficient of an intertwining operator I(-,z) of type 

f L c«(A) \ 

\L c m(Ai) L c (i) (A 0 )/ 

defined by 

(4.7) I(w,z)v = exp(zL(-l))Y(v,-z)w, w G L c ^(Ai),v G L c (i,(A 0 ), 
which commutes with the quasi-particles (see 13.3.21) . From definition (14.71) . we have 

(4.8) A Ui Vl (1)(A 0 ) — V L (!) (A z )• 

c l c l 

Let s < k. As in the case Bj l> we consider the operator on L (i> (A 0 ) ® ■ ■ • ® L ( i) (A 0 ), 
which we denote by the same symbol as in 13.3.21 

= 1® •••g>4^,(g) l® 

s— 1 factors 


Set b G B Wl ( as in (I4.6j) . From the consideration in Subsection 14.3.11 it follows 

c \ 

that 

is the coefficient of 


AgTT^bVL (1) (fcA 0 ) 


A-s'KRXn (!) ai(^ (i) i) ' Xsoq { z l,l) v L (1 ) (fcAo) > 

',1 1 ’ Cj 

where operator A Ul acts only on the s-th tensor factor from the right 


• • • ® X (s) (z (2s-l) .) • • • X (s) (z (2s) ,) • • -X (») hll) 

n v /_ .. nF r: '. 1 ' n (o \ O ' 1 v -I 7 n: ' rvo v 

r; ,1 


n (2s-i) Q i v r i 4' n (2 S ) “1 V r i 4' n i,i a2 

, 1 7 1 


' X n (s ,\ cq ( Z r\ s) ,l) ' ' ' Xq i ( Z u)FL (i) (A 0 ) 
r[ s hl 1 °l 
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where 0 < n^j < 1, for 1 < p < rf' 1 and 0 < n p s j < 2, for 1 < p < 1 \ 1 < i < l — 1 

(see (14.51) '). Therefore, in the s-th tensor factor from the right, we have 


Xu) 


(2s—1) /■ 

,1 


(z (2s 
i v r } 


■ ■ ■ x 


« 

■ (2s) 
r l - 




(4.9) 


* * * OC (s) 

nV\ 

( s ) 

r l 


,z 



■X ai (zi,l)v L (Ao)®--- ■ 

c i 


4.3.3. Simple current operator e Ul . For ay £ 1] we denoted by e Wl a simple current 
operator (cf. |Li2j l between the level 1 standard modules 


i ■ L c ( i)(Aq) —> L^ 1 )(A,), 


c 


such that 


and 

(4.10) 

for all a e R. 

We can rewrite (14.91) as 


e wi v L (i)(A 0 ) Vl (!) (A z ) 
G i °i 


x a (z)e UJl = e Ul z a ^ l) x a (z), 


OC (s) 
n J2 S -l) 


,1 -1 


5 «i^ 2 — 1 ) ,l) ' ' ' X n { % 3) ‘ • 

,1 ,1 

/_}) ' ' ' X (s) (z (2s) J j) • • • X (s) l) 

-1 r l -1 1 n (2s), “1-1 r i-l 1 


rW.l-1 


•^ n ( 3 ) a .l ' ' ' (~l,z) A 'l,Z^a; i hL (i) (Ao) ® ' ' ' • 
rp),J 1 1 ’ 1 ’ c i 


By taking the corresponding coefficients, we have 


AgTT^bVL (1) (fcA 0 ) 

c i 


B s Tr m b + v L ( a,,) 

c i 


where 



s—1 factors 


and where the monomial fr + : 


= 6 +(q! 1 ) • • • Z> + (cp), 

is such that 

fe + (cp) = 6(o!j), 1 < i < l — 1 

b + (o)) = a ,(m r (i) j + 1) ■ + 1) 

r i ,i i ’ 
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4.3.4. Operator e ar On the level 1 standard module L c (i)(A 0 ) we define the “Weyl 
group translation” operator e ai 

e ai = exp x_ Qi (l)exp (— x ai (— 1)) exp x_ Qi (l)exp x Qi (0)exp (—x_ Qi (0)) exp x a; (0). 

The properties of e ai , which we use in the proof of linear independance are described in 
the following lemma. 

Lemma 4.3.1. a) e ai v L (1)(Ao ) = —x ai (—l)v L (1)(Ao ) 

c i c i 

b) x ai (z)e ai = z 2 e ai x ai (z ) 

c) Xa^^e^ = z^e^Xa^z) 

d) x Qi (z)e ai = e Ql x ai (z), l<i<l-2. 

□ 

Let b be a monomial 
(4.11) 

b = b(ai) ■ ■ ■ b(ai-i)b(ai)x sai (-s) 

Xn (il a i (v’i C 1 ) i ) x m i«i (^1,1) 

r; 1 ,1 r l 


%«i, l -i a, -^ m o ( i ) i.»- 1 ^' 

X ni,l-ioii- 

_! l) x n (!) Oi ( m r (!) l) ’ ’ ’ 

O’ 1 1 ’ 

of dual-charge-type 



01= (ri 1} ,. 

r ( 2fc ). 

• • ) ' 1 ) ‘ • 

.Jl) _(2fc). _(1) _(») 

•) 'Z-1) • • ■ > ' Z-l i ' l j • • • ) ' l 


As in Subsection 14.3.11 let be the projection of principal subspace Wl (1) (a 0 ) <8> 

c i 

Wl ( 1 ) (a 0 ) on the vector space 

c i ’ 

^jij(Ao) 

°i 

® W L n P)( Ao) 

The projection 




® ‘ ® W L _ (1) (Ao) 




® ® W L (Ao) 


7T«R& ( 




fi( 1 )(Ao)®-®\ (1 )(Ao) 


of the monomial vector b (^v L ( 1 ) (a 0 ) ® ® Vl ^(Aq)^ is a coefficient of the generating 


function 


'X'$\X n ^ ai (^ r (l) 2 ) ‘Eni,iai " ‘ ‘ x n (^ at (^(D \) Xn 2 ,l a l (~2 ,l) 

( ( 1 ) (Ao) ® • • • ® VL (1 ) (Ao) ® ®a,(“l)vL (1) (A 0 ) ® ‘ ® X aj (-l)u L (Ao) 

V c i c i c i c i 

( Z r[ 2k ~ ^.l) ' " X n (k ( l k) aS Z r[ 2k) , l) ' " ^h 1 ) 


= C---x 


(k) , 

"(»-!) 1 ° 1 
1 


(2 fc 3.) 

0 — 1 ’* 1 


r£V.l-l 


'1 

X n ( ^,. „ a;_! (^rj^j- 1) ,Z—i) ' ' ' X n ( ' k) 2k) a ( _i ' ' ' X n{ k ]aS~ l ’ l ^ VL C W ( A o) 


' ’ ’ 0C (s) 

rr ' 


,1 ,1 

s) a; (^ r ( 2s_1 ) ;_l) ' ' ' X n (s ' > a, ( Z r ( 2s ) l- 1) ' ' ' X n < - s) a, 

(2s— 1) a l-l r (-l 1 (2s), “i-1 0-1 1 n l,i-l“i-l 

i-i ’'- 1 0-i ,i_1 
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X n (s ( l ) oq ( z r\ s) ,l ) ' ' ' X n^]ai ( Z 2,l) e a t v L ^ i) (A 0 ) 




r,1 

■ ■ ■ X (l) 

n r W 

0 - 1 ’* 


« Q 1 (-rW,l) ' • aS Z r[ 2 \l) ’ ' ' ^n«ai (^,l)^ n « ai (*l,l) 


(~yW ;_i) ‘ ‘ ‘ x n W a , . ('-' r ( 2 ) ;_i) ‘ ‘ ‘ X r f v> a , (~1^—l) 

1 O-l’ 1 1 ri (2) , “i-l ”Z-1’ 1 1 ri l l_l a i-l 


r ( 2 ) l -1 
0 — 1 ’* 1 


X 


(1 ,b ai^r, (1) ,/) ‘ ‘ ' X n^ ) l aS Z ‘ 2 ^ ea l VL n ( l)( A o)> 


n (i)“l' 0 
O ■* 


(see (I4.5D ). Now if we shift operator 1 <g) • • • <g) e ai ® e ai 
we get 


e ai all the way to the left 


where 

and 


(1 <g) ■ ■ • ® e ai ® e ai ® • ■ ■ <8) e ai )nwb' ( v L (Ao) ® ...®v L )(Ao ) ) , 

V c i c i J 

& = ( r i 1 \ • • •,• • •; ri 1] - 1,..., rf s) - l) 


fe' = b'(a i) • • •6 , (a i _i)6 / (a J ) 

Xn fil Q l 1 ) iqi (^l,l) 

’ ,1 '1 ■ 

,(!) 


r (l) 

0-1 


- w S!)J 


r«,n 


w 


a, 1 (m ( 1 ) . . — n ( (1) 

» r i_i ai - iv d-i ’*- 1 r^y-i 

m (m ( 1 ) . + 2n ( 1 )) • ■ ■ x n2 iai (■ m 2 ,i + 2nij) 

rj J ai l 1 

^ n Cl') a l 1 ) 1 Q 1 (^l,l) 

’ ,1 1 

X n (!) ai-i( m W j i ) ‘ ‘ ‘ x n 1 i_ 1 ai_ 1 ( m l,l-l) x n (i) { m ( 1 ) .) ‘ ‘ ‘ x n 2 ^ai ( m 2,l) ■ 

0_i ^ — 1 0-1’* 1 r i a l l ’ 


Lemma 4.3.2. If b 14.111) is an element of the set B\y L (fcAo )> then the monomial b ', 

W 


/rom i/ie above consideration, is an element of the set Bw 


i 


L „(l) ( feA o) ’ 

c l 

Proof. This Lemma easy follows by considering the possible situations for n p j, 2 < p < 
r \ 1 ^ and n p j_x, 1 < p < r^\ from which follows that m pi , l — 1 < i < l comply the 
defining conditions of the set B Wj (fcAo) . □ 

c i 

4.3.5. The proof of linear independence of the set 03 w L (fcAo) - In this section, 

c i 

we prove the following theorem: 

Theorem 8. The set V$w L (fcAo) forms a basis for the principal subspace Wl (1) (fcA 0 ) °f 

°i ; * 

L (i) (fcAo). 

Proof. Assume that we have 

(4.12) £ C a ba v L (1 )(feA 0 ) 0, 

ae.4 * 


where A is a finite non-empty set and 


b a € B 


W L ( 1 ) (kA 0 )' 
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Assume that all b a are the same color-type (r l5 ..., 77 ). 

Let b be the smallest monomial in the linear lexicographic ordering “<’ 

b = 6(«i) • • • b(ai-i)b(cti) 


= X r . 


.( 1 ) 


{j^ r W X ni iai (jTTgi) 


x n (i) ai- 1 ( m r W i_i) ' ' ' x n 1 i_ 1 ai- 1 { m l,l—l) x n a) aX m Wj)''' x n 1 iaX j)) 

of charge-type 

(4.13) (n^i, ■ ■ •, ni,i; ■ ■ • ; n r W t _ v • ■ ■, ni,i -L • • •, 

such that c a 0 and such that, for every b a in (14. 121) . we have 

mi,i > -j. 

Denote by 

oj _ ( r ( 2k ). .A 1 ) (^1,2—1). C 1 ) ( n i,d 

the dual-charge-type of b. For every 1 < t < k such that 

(t) _ (2 1) J2t- 1 ) 

ri ~ ' i ' ' i 

where 1 < i < l — 1 let 7 T<r be the projection of Wl (1) (a 0 ) <S> ■ ■ ■ <E> Wl (1) (A 0 ) on the vector 

c i ; c i 


space 


k factors 


'L cW (Ao) ®. • -® W L( Ao) fl ., m ®^(i)(Ao). (B1 ,) (ni ,) ®' ’ • W L nW {Ao) 

1 (mi h-;0) 


1LV, / 1 , r An^ <8). • ■<8)1 / L^a„ v .. ± ,, *, ^ d) / x / n - - mv-uy 

i-5°) °« C,V c r v ..;r«) 

ft is not hard to see that the projection 7 t<k maps to zero all monomial vectors b a VL (1) (fcA 0 ) 

c i _ 

such that b a has a larger charge-type in the linear lexicographic ordering “<” than (14.1311 . 
So, in (14.12)) we have a projection of b a VL w (kA 0 ), where b a are of charge-type (14.131) 


(4.14) 


^ ( ^'<7 b n i'[. ^ (feAo) O' 


ieA 


On '11.1 Hi . we act with operators 


and 


An lt — 1 


Bnn — 1 


4*8 1 


1 


ni / —1 factors 


e W; <S> .1 


ni j —1 factors 


until j becomes —rii,;. In that case, we get 

^ ^ CgTT%bg(^Q.i ) b a (^oti—\)h a (aj)x ni lC q ( n-i ,i)vl ^(fcAo) 0) 

a ’ ° l 

where b^(ai)x ni ;a ,(— n\,i) is of color i = l and 

b a (oti) ■ ■ ■ b a (ai_i)b+ {oti)x niiai {—n lt i)v L (1) (kA 0 ) ^ %$w L (kA y 

c i c« 

From the subsection 14.3.41 follows 

^LR^a(o , l) ' ’ ' l)^a ( ^1 ,l) x L (ij(fcAo) 


= (1 ® ■ ■ ■ 1 ® e a , ® e a , ■ ■ • ® e ai )6 0 (ai) ■ • • b'{a^V(a{)v L (1) (fcA 0 ), 
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where b a (a i) • • • 5' a (cq) does not have a quasi-particle of charge b(a i) • • • b' (cq_i)6'(cq) 

is of dual-charge-type 


( r W _(2fc). ._(i) (2fc) _ (i)_-i r K,d_ 1 \ 


and charge-type 


x> • • ■ > ^1,1) • ■ ■ ) l—V ‘ ‘ ‘ j 


such that 


(^ r W j_j - - - ) ^1,1; ■ ■ ■ > ^yj 1 ) V ' ' ' ’ ^ ^^y(l) 1* ’ ‘ ‘ > • • • > ^y(l) V ' ' ' ’ ^2,Zj ^1,1^ • 


From Remark 14.3.21 it follows that we get elements from the set 23 


w, 


£ ad^o)' 
°z 


We apply the described processes on 14.141 until we get monomial “colored” with colors 
1 < i < / — 1. Assume that after a finite number of steps we get 


(4.15) 

where 


^ ^ c a 7Tf^5 a (ox) ■ ■ • 5 a (cq_i)nj, ^(^Ao) Oj 


ieA 


b a {oi \) • • • b a (ai- 1) G 2Uk- C 23 


vc, 


£ „(i)( fcA o) ‘ 


By %x- we denote the set of monomial vectors of dual-charge type 

m- _ ( r W J 2fc ). .J 1 ) r m\ 


From the condition (z) = 0, (1 < i < l «? 1), it follows that monomial vectors in 14.151 
are from vector space 

W L A1) (2A 0 ) ® • • • ® W L (1) (2A 0 ) i 


k factors 


where Wl (1) ( 2 A 0 ) = Wl (1) (A 0 ) is the principal subspace of the standard module 

A l -1 C i ’ 0-a; 

L ,(i) (2A 0 ) C L (i) (A 0 ) of the affine Lie algebra Ap_l, with the highest weight vector 

A i~ i A i~ i 

VL A1) (Ao) = Ul (i)(Ao). Denote by 


Wi 


L (i) (2A 0 ) 

i-i (ui,...,u;_i) 


= Wi 


L c ( 1 ) (A °) ’ 
! «1«1-|-hMi-ia;.! 


((-weighted subspace of Wl (1) ( 2 A 0 )- On every factor in the tensor product Wl (1) ( 2 Ao) 

a i~ i A i ~i 

• ••(g) Wl (1) (2a 0 ) °f k principal subspaces Wl (1) (2A 0 )> we have embedding 


Wl a <■>,<“»),„ ( „A ^ , 

1^ =Ui+Vi,l<i<l —l 

for 1 < p < k. 

Denote by 7r^_ the projection of the vector space 

W L A1) (2A 0 ) ® • • • ® W L A1) (2A 0 ) 


g> Wl A1) (A 0 ) j 

i- 1 


on subspace 




A)* 7 ' , (2k) (2k). 

i-i (rj q...;d_/) 


(A 0 ) 


A ( 1 ) (Ao) <y ” L, (11 X-A-0J ' e - y ^ ’ ' a (IX (AoJ 'ey ” L, (]( 


A) ’ < (2fc—1) (2fc —1). 

i- 1 (rj h-;d-i ) 
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(1) (Ao) 


(Ao) 


A 77 ' , (2) (2) . A) 7 . , (1) (1) . 

— 1 hi ;-;d-i) _ hi 










In particular, extending the above projection on the space of formal series with coefficients 


m 


W Lji) (Ac) <S> • • • ® W L (a 0 ) 


2k factors 

from the condition X 2 ai {z) = 0 (1 < z < / — 1) follows 
(ffwbafai) ■ ■ ■ 6 a (o!i-l)uA c ( 1) feAo^ 


eW, 


L /j) (Ao) 

A.m v ' (2fc) (2k), 

i-l (rj ';...;r, k _i) 


® W L (A 0 ) 

A) 1 ’ ' (2fc —1) (2fc-l). 

i-i (r-j ) 


^ ^V 1 ) ( A °) ™ ®W L W (A 0 ) 


A)'', ' / (2) (2) , 

i-i (rj 

Georgiev showed that 




Tk - O 7Tfft 


a*- 


V L (1) (2fcA 0 ) 


is a linearly independent set. Thus, it follows that the set c a = 0 and the desired theorem 
follows. □ 

4.4. Characters of the principal subspace Wl {1) (kK 0 )- In determining the character 

c i 

formulas of Wl (1) (fcA 0 ) we will use the expressions in Lemma 14.4.11 

c i 

Lemma 4.4.1. For the given color-type (r 1; ..., ri), charge-type 

^^-^(1) , Tl\ 1, . . . 77y(l) p • • • 1 fl'ifi'j 


and dual-charge-type 

we have: 

(4.16) 

(4.17) 

(4.18) 

(4.19) 


( 1 ) ( 2 ) (2 fc ). ( 1 ) ( 2 ) ( fc )'. 

' 1 )' 1 >•••>' 1 ■>■■■■>'l ) 1 


r (1) r (1) 
O-l r l 


»/ (2*-l) . (2s), 


y min {«p,i-1. 2r vi = y r n r (-i"+ri-ifc 


P=1 9=1 

r m r w 

r i o+l 


s=l 
2 fc 


min{n Pii , n^+i } = ^ rj 

P=1 9=1 


( s )»» 

' i+1 J 


„(!) 


BE 2min{n P)i ,n p / ) /} + 

p=l p>p'>0 


„(!) 


S=1 

fc 

£ 

S=1 

2fc 


(s ) 2 

= 2^ r i ’ 


y~l ( y 2min{n Pi j, Up/,*} + n Pji ) = ^ rf ) , 1 < z < l - 1. 

p=l p>p'> o 


s=l 


□ 


Now, from the definition of the set fBpvy (fcA } and (14.161 I4.19jh (13.28[) follows the 

°i (1) ° 

character formula of Wl (1) (fcA 0 ) : 
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Theorem 9. 

ch W L , i)(feA 0 ) 


4 1 ' J_ 


V" _ yj _1_ y n 

,<»> ^rW-r® ' ' ' ‘ 


r^ 1) >...>r^ 2 “ 2) >° 


r ( 1 ) 2 + ... 4 . r ( 2, =) 2 _ r ( 1 ) r ( 1 )_„(2fc) (2fc) 

g 2 + + 2 1 2 1 2 r2 

(g) r M_ r ( 2 ) • • ' (g) r ( 2fc ) 

'2 '2 '2 


-(!)■ 2 i ... i r (2 fc )' _ r W r W _„(2fc) (2fc) 

n i-i ^ 1 1 1—2 i—i 'i- 2 'i-i 

g n-1 


(!) ^ ^ (2u;_i) 


(?)-(!) _t-( 2 ) ' ' ’ (g) r ( 2fc > 


r i (1) +-+ r ( fc) -n (1) ( r i-l+ r l-l)-n (fc) ( r i-l+ r i ( -l ) ) 


rj 1) >.,.>rj'* i) >0 


(g) r ( 1 )_ r ( 2) ' ‘ ‘ (g) r W 

r i T l T l 


4.5. The basis of the Wn (1) oa 0 )* As in the case of Bi we can prove: 


Theorem 10. The set <B Wn (i)(fcAo) = 6ujv o(1)( fc. a 0 ) 


: b G B\ 


N „(i)( fcA o) 
c i 


where 


(4.20) 


Jw Vi) (fcAo) 


or, equivalently 


n (i) i 

' , 1 

n r (D ,_!<•••<”!, 1 — 1 

n (i) <-<th,i 

r ; ,1 


n ( -i>->0 
r} 1} >->0 } 


{b • • • 6(o/) £ n (t 77/ (i) - ) x ni (777-i } i) * * * oq (^ (!) /) * * * /a:/ (^1,/) 

r; 2 ,1 ' 1 ’ x ’ r; ' ,1 l "> L 


rrip.i < —n Py i - E P>P ' >0 2 rnin{n Pth ry )Z }, 1 <p< r z (1) ; 
m p+u < m Pt i - 2 n Pt i ifn p j = n p+ M , 1 < p < rf } - 1; 

r (1) 

mp,z-i < Tip,i—i + Eg'= 1 min{2n q j, n p>z _i} - X)p> P '>o 2 min{n Pih n p > t i} 


1 <p <r\ ’] 


m p+ !,/_! < m PjZ _i - 2n PjZ _i z/n p+ i )Z _i = n PjZ _i, 1 < p < - 1; 


m Pti < —n Pj i + mm{n gii+ i,n Pii } - )Cp>p'>o 2 min{n P:i ,n p/ji }, 

1 < p < r- 1 ^ 1 < i < l — 2; 

J7i P +i,i < - 2n P)i if n p+lti = n Pjh l<p< rf ] - 1, 1 < i < l - 2 

is the base of the principal subspace Wn (1) (kA 0 )- 
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4.6. Characters of the principal subspace Wn {1) {kA 0 )- From the definition of the 

. . c i 

w N (fcA and (14.161 14.191) . (13.281) follows the character formula of the principal 


set 

subspace W N {1) (kA 0 )- 

c i 

Theorem 11. 

(4.21) ch W N (k A 0 ) 


E 


d 1 r_l_..._l_d 2 «l ) 2 


r£ 1) >...>rj a, ‘ l) >0 ri _ri 


{q ) r w - r (2) ''' (?) r (2 "i> 


„ r i 

Vi 


ui>0 


E 

^ 1) >..>4 2 “ 2) > o 

lt2>0 


-A 2 -' j__ 

n' 2 ' ' '2 'l '2 'l '2 

H 7*9 

—2/2 


(?) r ( 1 )_ r ( 2 ) ' ' ' 2) 


d 1 ) 


E 

> r < 2 " 

«(-i>0 


-i +-+d-i 


( 2« ; _!) 2 ( i ) ( i )_( 2 ^;.!) ( 2 U ,_ 1 ) 


' 1-2'l-l '1-2 ' l-l 




(?), 


,(1) _d 2 > " ' (?) ( 2 “i-l) 


i/z—1 


d 1 ) 


+-+w“‘> —-d"‘ > <dd‘- i> +dd' > ) 


E 

u t >0 


r, (1) >...>r< Ul) >0 


(?)d 1 )_d 2 > ' '' (?)>i) 


-2/z 


□ 

By Poincare-Birkhoff-Witt theorem, we obtain the base of the universal enveloping alge¬ 
bra U (£(n + ) <0 ): 

(4.22) x ai (m\) • ••i ai K)x ai + a2 (m 2 ) • • ■ x ai+a2 (m s 2 2 ) ■ ■ ■ x ai+a2+ ... +ai _ 1 (mf_ 1 ) ■ ■ ■ 

• £ q . 1 -|_ q , 2 _| \- ai (m,^ )x Ql -|-2a2H 1-2a; (^fi ) 2'ai+2o2H b2a; (^J ) 

^ai+a 2 -l-h2ai (^2Z— 2 ) ' ' ' ^ai+a^H-f-2a( ( m 2 l —2 ) ' ' ' 

3'2ai+2a2H-H*! (^2i—l) ' ' ' •^'2ai+2a 2 H-ba;(^2Z—1 ) 

• • • Za,.! (mj 2 _ 3 ) ■ ■ ■ X ai _ x (m'f_- 3 ) • • • Xaa.-i+a, ( m p-l) ■ ■ ■ X2a l _ 1 +a l (m'fs*) 
x ai (mj 2 ) ■ ■■X ai (m s /), 

with rri] < • • ■ < m 3i , e N for z = 1, ...,( 2 . Now, we also have a following character 
formula 

(4.23) ch Wjv (i) (feA 0 ) 


n 

m> 0 


(1 - g m z/i) (1 - g m z/iy 2 ) (1 - • • • yi-i) (1 - q m yiyl ■ ■ ■ yf) 


1 


(1 - q m y x y 2 ■ ■ ■ yf) (1 - q m y\yl ■■■yi) 

111 


(1 - q™y 2 ) (1 - q m y 2 y 3 ) (1 - q m y 2 • ■ • y^) (1 - q m y 2 yf • • • yf) 
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1 


1 


(1 - q m y 2 y 3 ■ ■ ■ yf) (1 - q m ylvl ■■■yi) 

11 11 

(1 - q 1 - 1 ) (1 - q m yi- iy f) (1 - q m ytiVi) (1 ~ q m Vi) 

From (I4.2ip and (I4.23j) now follows: 

Theorem 12. 

rr_I_I_I_I_ 

Ai o (i - q ™ yi ) (i - (rym) (i - q m yi ■ ■ ■ m- 1) (i - q m yxy\ ■ ■ ■ yf) 

l l 

(1 - q m y x y 2 ■ ■ ■ yf) (1 - q m y\yl ■■■yi) 
11 1 1 
(1 - q m y 2 ) (1 - q m y 2 y 3 ) " ' (1 - q m y 2 • • • yi- 1 ) (1 - q m y 2 yl • • • yf) 

1 1 

(1 - q m y 2 y 3 ■ ■ ■ yf) (1 - q m y\yl ■■■yi) 


(1 - q l ~ l ) (1 - q m yi- x yf) (1 - q m yf_ x yi) (1 - q m yi) 


E 


q 


m 2 . . (2u 1 y 

R ; H-HR 1 


r< 1) >...>ri 2ui) >n r i 

«i>0 


{q)j i)_ r ( 2 ) ■ ■ ■ (q)j 2u i) 


„ r i 

yf 


E 


4 1) >...>4 2 “ 2, >° 

U2>0 


r w +...+J 2u 2 r __(i)_(l)_( 2 u 2 ) ( 2 „ 2 ) 

q 1 2 ' " 2 12 1 2 

(q) r w- r (v • • • (?) j 2 “ 2 ) 


y? 


JV 2 4 -... 4 - r (2ui ~ l) -r W r (1) _( 2 “i-l) ( 2 “i-l) 

_ n' l — l ^ ^ r l-1 r l—2'l — l '1—2 ' l-1 

E -- mi --- v?l 


M;_1>0 


( q) r w __(2) • • • (q) (a«j-i) 

r i -1 r i -1 r i-i 


E 

■■■>7 

ui>0 


77 

- Vi • 


r i (1) >...>r ! (ui) >0 


(9) r a)_ r w • • • (g)j«i> 


□ 
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